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SOLUTION  OF  LAPLACE’S  EQUATION  USING 
MULTIPLE  PATHS  METHOD  (MPM) 
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Faculty  of  Engineering,  Tehran  University 
Tehran,  IRAN 

M.  Fasih 

Dept,  of  Mathematics 
University  of  Sistan  and  Baluchestan 
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ABSTRACT 

A  probabilistic  method  called  the  multiple  paths 
method  (MPM)  is  presented  to  solve  the  potential  equa¬ 
tion.  Unlike  other  probabilistic  techniques  there  is  no 
need  for  the  generation  of  a  grid  resulting  in  less  compu¬ 
tation  time  and  simplicity.  The  method  is  based  on  the 
calculation  of  the  probability  of  absorption  of  a  particle 
at  a  point  on  the  boundary.  The  random  walk  is  along  a 
“path”  which  is  a  line  passing  through  the  starting  point, 
where  the  potential  is  to  be  determined.  The  results  show 
good  agreement  with  other  probabilistic  methods  and  nu¬ 
merical  techniques. 

Keywords:  Probabilistic  potential  theory,  probabilis¬ 
tic  methods,  Multiple  paths  method,  Laplace’s  equation, 
Electrostatics 

1  INTRODUCTION 

Numerical  methods  are  frequently  employed  in  solving 
electromagnetic  problems  [T4].  Other  techniques  include 
probabilistic  methods  such  as  Monte  Carlo  (MCM)  [5,6,7] 
and  the  exodus  method  [8].  In  this  work  a  new  method 
called  the  multiple  paths  method  (MPM)  based  on 
stochastic  processes  is  presented  to  solve  the  potential 
equation  in  a  two  dimensional  region.  Unlike  other  prob¬ 
abilistic  techniques  the  generation  of  a  grid  is  not  needed 
resulting  in  a  less  computation  time  and  greater  simplic¬ 
ity,  particularly  in  the  Ccise  of  irregular  regions.  Consider 
Laplace’s  equation: 

=  0  with  V  =  Vi,  on  the  boundary  (1) 


In  probabilistic  methods  the  evaluation  of  the  potential, 
F(xo5  yo)  a  point  (xq,  yo)  in  the  region  is  based  on  the 
following  equation: 

m 

Vixo,yo)  =  J2pkVpik)  (2) 

Jfc  =  l 

where  pk  is  the  probability  of  absorption  of  a  random 
walking  particle  at  point  K  on  the  boundary,  Vp(k)  is  the 
prescribed  potential  at  that  point  and  m  is  the  number 
of  trial  points.  The  accuracy  of  the  potential  increases 
with  an  increasing  m.  In  this  equation  Vp{k)  is  known 
and  only  pk  is  to  be  determined.  In  the  present  method 
different  lines  called  “paths”  are  drawn  passing  through 
the  point  (xo,yo)  whose  potential  V{xo,yo)  is  to  be  de¬ 
termined  and  the  random  walk  is  considered  along  these 
paths.  The  complexities  arising  from  the  irregularities 
of  the  boundary  are  not  present  in  this  method.  The 
method  is  applied  to  regions  of  uniform  permittivity  as 
well  as  different  dielectric  constants.  Since  there  is  no 
need  to  generate  a  grid  for  a  random  walk,  the  evaluation 
of  the  potential  requires  much  less  computation  time, 

2  MULTIPLE  PATHS  METHOD  (MPM) 

Consider  Laplace’s  equation,  (1)  with  Dirichlet  boundary 
conditions  in  which  the  potential,  F(a:o,yo)  at  (a:o,yo)  is 
to  be  determined.  In  order  to  determine  pk  in  (2)  an 
arbitrary  point  in  the  region  is  chosen  randomly.  The 
line  passing  through  (xq,  yo)  and  this  point  intersects  the 
boundary  at  points  K  and  K'  with  the  prescribed  poten¬ 
tial  Vp{k)  and  Vp{k^)  respectively  and  K/\'  which  includes 
the  point  (xq,  yo)  is  called  a  path.  We  divide  the  path  into 
n  segments  with  equally  spaced  stations  one  of  which  is 
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located  at  (xo^yo)-  Figure  1  shows  such  a  segmentation. 
The  length  of  KK^  is  denoted  by  A  while  B  is  the  dis- 
tance  of  to  the  point  (a;o,yo)-  If  B  is  divided  into  m 
stations,  we  have  B/d  and  therefore; 

(3) 


For  the  probability  of  absorption  after  n  walks,  employing 
mathematical  induction,  it  can  be  easily  shown  that 

n"(c)  =  ;  Vn>l,iGr  (5) 

i^T 

where  T  is  the  state  space.  From  system  of  equations  (5), 
we  deduce  that 


Fig.  1:  A  Segmented  path  with  a  separation  ‘d’  between  two 
neighboring  stations. 


We  consider  two  cases;  (I):  n  is  an  integer  which  is  the 
ideal  case  and  (II):  n  is  not  an  integer,  in  which  case  we 
can  either  change  m  and  continue  the  process  until  case 
(I)  is  reached  or  we  can  round  off  n  to  an  integer.  In 
the  latter  case  we  will  introduce  an  error  which  is  not 
significant  for  small  segments  corresponding  to  a  large  n. 
We  will  show,  however,  that  for  homogeneous  regions  the 
process  is  independent  of  choosing  m  and  such  a  consid¬ 
eration  for  m  and  n  is  irrelevant.  Now  consider  a  par¬ 
ticle  at  (xo,yo)  for  this  path  and  let  the  probabilities  of 
absorption  of  the  particle  at  K  and  be  and  pk>  re¬ 
spectively.  The  problem  is  now  one  of  a  random  walk  on 
the  specified  path  (Fig.  2).  The  probability  of  absorption 
to  state  c  when  we  start  from  state  i  (transition  state) 
is  denoted  by  probability  of  absorption  to 

state  c  starting  from  state  z,  after  n  walks,  is  denoted  by 
YlUc)  Hence, 


mc)  =  'Zn7{c)  (4) 

n  =  l 


Fig.  2:  A  path  KK*  showing  the  motion  of  a  particle  from  one 
state  to  the  next  state. 


n»  (c) = rii  (c) + 5^  Pij  rij  (c) ;  vn  >  i ,  f  g  r  (6) 

jeT 


Since  is  a  probability  function;  Ylj  >  0  and 
the  unique,  bounded,  solution  of  system  of  equations  (6). 
PijiS  are  the  elements  of  the  state  transition  matrix  [9]. 
In  view  of  the  system  of  equations  (6)  and  Fig.  2,  we  have, 
T  =  1,2,  ...,n  —  1  and  the  transition  matrix,  P,  is  given 
by: 


P  = 


1  0 

q  0 

0  q 


0  •• 

P  •• 

0  p 


(7) 


!_  0  0  0  .  1 

in  which,  p  -h  g  =  1. 


Consider  Fig.  2  and  suppose  that  m  is  the  probability 
of  starting  from  state  i  and  ending  at  state  zero  (point 
K)  and  similarly  Vi  is  the  probability  of  starting  at  state 
i  and  ending  at  state  n  (point  /f').  Hence  ui  =  nt(0)j 
and  Vi  —  Yliin).  From  the  system  of  equations  (6)  we 
will  have: 


“1  =  9  +  P“2 

U2  =  qui+pu3 

Uj  =  quj^i+puj+i 

Un-l  =  qUn-2 


and  we  will  finally  deduce,  for  the  probability  Ur,  [9]: 


and 


/\n  }  P  ^  q 

(?) 


72  —  r  , 

“r  =  — -  ;  p  =  q=  1/2 


(8) 

(9) 
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By  a  similar  procedure  Vr  can  be  determined  which  finally 
yields: 

Vj.  —  Ur  (10) 

Therefore  the  probability  of  absorption  at  each  boundary 
point  of  the  region  can  be  determined  from  (8),  (9)  and 
(10)  accordingly.  In  view  of  these  equations,  the  compu¬ 
tation  time  reduces  by  a  factor  of  two  since  determination 
of  Uk  provides  Vk  simply  by  (10)  and  no  further  compu¬ 
tation  is  needed.  The  potential  Vi(a:o,yo)}  based  on  the 
first  path  is  therefore  given  by: 

Ki(xo.yo)  =  t/i(0)Vp(A')  +  Vi{n)V,{K') 
or  equivalently, 

V^i(xo,  yo)  =  [VpiK)  -  Vp{K')]  m  +  V,{K')  (11) 

where  Vi(xo,  j/o)  is  the  potential  at  (a^o,  yo)  obtained  from 
path  (1)  and  Vp{K)  and  Vp{K^)  are  the  potentials  at  K 
and  on  the  boundary  respectively. 

Equation  (11)  can  repeatedly  be  used  to  find  the  po¬ 
tential  at  (a:o,yo)  for  different  paths(Fig.  3).  If  m  paths 
are  selected  and  Vs{xQ^yo)  is  the  potential  obtained  at 
(^Ojyo)  for  path  s,  then  for  the  potential,  V{xQ,yo),  at 

ixo,yo),  [5]: 

m 

'^Vs{xo,yo) 

V{xo,yo)  =  ^ -  (12) 

m 


In  this  case  a  solution  will  clearly  be  reached  quickly  and 
accurately  since  Ur  and  Vr  depend  on  A  and  B  and  not 
the  segmentation  of  the  path.  As  was  indicated,  the 
generation  of  a  grid  in  the  region  is  not  needed  in  this 
method.  This  is  particularly  useful  for  regions  with  irreg¬ 
ular  boundaries. 


3  RESULTS 

In  probabilistic  methods  such  as  the  Monte  Carlo  method 
with  either  fixed  or  random  walk,  or  the  exodus  method, 
the  region  is  subdivided  into  a  grid  with  square  cells  and 
the  probability  of  absorption  of  a  random  walking  parti¬ 
cle  to  a  boundary  point,  Ur,  is  considered.  For  each  trial 
particle,  the  calculation  of  this  probability  needs  consid¬ 
erable  time  since  we  have  a  two  dimensional  grid  with 
the  random  walking  particle  along  the  sides  of  the  square 
cells  in  the  grid  which  results  in  an  increasingly  higher 
computation  time  for  the  calculation  of  the  probability. 
In  the  MPM  however,  each  single  path  yields  two  proba¬ 
bilities  associated  with  the  end  points  of  the  path  simply 
by  equation  (13)  without  further  computation.  This  fea¬ 
ture  of  the  method  along  with  the  elimination  of  the  grid 
considerably  reduces  the  computation  time. 

For  a  better  understanding  of  the  method,  consider 
Laplace’s  equation  within  a  normalized  1  by  1  square  with 
zero  potentials  on  each  side  except  on  the  upper  boundary 
which  it  is  assumed  to  be  100  volts.  The  results  are  tab¬ 
ulated  in  Table  (I)  for  three  points  and  different  numbers 
of  paths,  N,  Close  agreement  is  observed  with  the  exact 
solution  with  an  error  less  than  5  percent.  The  potential 
is  also  plotted  for  different  numbers  of  paths,  TV,  when  TV 
is  varied  in  steps  of  10  (Fig.  4).  The  smooth  variations  of 
potential  vs.  TV  shows  the  convergence  of  the  solution. 


Table(I):  Comparison  of  the  MPM  with  the  Exact  Solution  in  a  1 
by  1  Square 


Fig.  3;  Some  paths  used  for  calculating  the  potentiail  at  the  point 
of  interest ,  (a:o ,  2/o )  • 


Consider  Fig.  1  where  the  length  of  KK'  is  A  and  m  — 
B/d  with  each  segment  having  a  length  'd\  Then  for  the 
total  number  of  segments  in  the  path  ,  n,  equation  (3) 
yields:  n  =  A/d  and  since  for  homogeneous  regions,  p  = 
g  =  1/2,  from  (9)  and  (10)  we  obtain 


Ur  = 


A 


and 


(13) 


(x,y) 

N 

MPM 

N 

MCM 

Exact 

(0.25,0.75) 

50 

44.1 

500 

41.8 

43.2 

60 

44.25 

1000 

41.10 

70 

42.75 

1500 

42.48 

80 

43.73 

2000 

43.35 

(0.5, 0.5) 

50 

24.00 

500 

23.6 

25.00 

60 

25.00 

1000 

25.8 

70 

25.71 

1500 

25.27 

80 

25.00 

2000 

25.1 

(0.75,0.25) 

30 

5.83 

500 

6.6  1 

6.80 

40 

6.25 

1000 

7.5 

50 

6.00 

1500 

7.6 

60 

7.08 

2000 

7.3 

6 


Fig.  4:  Potential,  V,  at  three  points  for  different  numbers  of 
paths,  N, 


The  Monte  Carlo  solution  with  fixed  random  walk  from 
previous  data  [7]  is  also  included  in  Table  (I)  along  with 
the  corresponding  numbers  of  walks,  for  each  point. 
It  is  observed  that  for  the  numbers  of  paths  ranging  from 
50  to  80,  multiple  paths  method  yields  comparable  re¬ 
sults  to  MCM  with  500  to  2000  walks.  This  justifies  the 
considerable  reduction  in  computation  time  for  MPM. 


4  COMPARISON  WITH  OTHER  METHODS 

Consider  Laplace’s  equation  in  a  triangular  re¬ 
gion  (Fig.  5).  The  MPM  results  are  given  in  Table  (II) 
and  compared  to  the  known  solutions  using  finite  ele¬ 
ment  (FE),  finite  difference  (FD)  and  the  Monte  Carlo 
methods  [2,7]  for  several  points  in  the  region.  It  is  ob¬ 
served  that  the  MPM  results  agree  with  other  methods. 
In  the  case  of  nonhomogeneous  regions  a  modification  of 
the  random  walk  probabilities  at  the  interface  of  the  di¬ 
electrics  is  needed  [9].  In  this  case  (8)  is  used  for  Ur  at 
the  interface  and  the  random  walk  probabilities  should 
be  evaluated  using  the  appropriate  boundary  conditions. 
For  instance  in  Fig.  6  the  random  walk  probabilities  in  a 
direction  normal  to  the  interface  are  given  by  [8,9]: 

P  - 

2(61  +  62) 

(14) 

P  = 

"  2(ei+e2) 


(0,0)  3  J 


Fig,  6:  A  3  by  2  region  with  two  dielectrics. 


Table  (II):  Comparison  of  the  (MPM)  Solutions  to  the  Results  of 
Finite  Element  (FE),  Finite  Difference  (FD)  and  the  Monte  Carlo 
Method  (MCM) 


(X,Y) 

MPM 

FEM 

FDM 

MCM 

(0.2, 0.4) 

36.35 

36.36 

34.88 

36.34 

(0.2, 0.6) 

58.31 

59.09 

58.72 

55.46 

(0.4, 0.2) 

36.20 

36.36 

26.74 

36.93 

(0.4, 0.4) 

68.63 

65.15 

65.41 

69,60 

(0.6,0.2) 

53.07 

59.09 

56.69 

53.76 

While  for  the  tangential  probabilities: 

Pt^  =  Pt-  =  1/4  (15) 

The  multiple  paths  method  is  employed  to  obtain  the 
solution  in  a  3  by  2  rectangular  region  of  Fig.  6  with 
6i  =  6o  and  62  =  2.2560-  The  results  are  compared  to 
the  previously  given  data  [8] .  For  simplicity,  the  values  of 
normal  random  walk  probabilities  are  used  as  an  average 
which  simplifies  the  calculations.  Since  the  potential  at 
the  interface  does  not  change  significantly,  particularly  for 
smaller  steps  an  average  value  is  justifiable  [10]  in  return 
for  much  less  computation  time.  The  solutions  show  good 
agreement  with  the  data  obtained  by  previous  techniques. 
These  results  are  given  in  Table  (III)  and  compared  with 
the  exodus  method,  Monte  Carlo  method  and  finite  dif¬ 
ferences  [8] .  The  exact  value  is  also  given  as  a  reference. 

To  have  an  estimate  of  computation  time  and  conver¬ 
gence,  the  MPM  results  of  Table  (III)  are  compared  with 
the  MCM,  FD,  and  the  exact  solution  in  Table  (IV).  For 
the  multiple  paths  method  (MPM),  the  corresponding 
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numbers  of  paths,  N,  is  also  presented  ranging  from  50 
to  100.  The  MCM  results  are  for  N  =  2000  walks  and 
the  FD  results  are  reported  for  1000  iterations  [8].  The 
fast  convergence  makes  the  method  suitable  for  real  time 
computation. 


Table  (III):  Comparison  of  the  MPM  with  Other  Methods, 
Exodus,  Monte  Carlo  2uid  Finite  Differences.  The  Exact  Value  is 
Also  Given  as  a  Reference 


(x,y) 

Exodus 

MCM 

FD 

MPM 

Exact 

(0.5, 1.0) 

13.41 

13.40±1.113 

13.16 

13.18 

13.41 

(1.0, 1.0) 

21.13 

20.85±1.162 

20.74 

21.69 

21.13 

(1.5,1.0) 

23.43 

23.58±1.213 

22.99 

23.29 

23.43 

(1.5,0.5) 

10.52 

10.13±0.879 

10.21 

11.62 

10.51 

(1.5,1.5) 

59.36 

58,89±2.138 

59.06 

59.41 

59.34 

Table  (IV):  Comparison  of  Convergence  of  Multiple  Paths 
Method  (MPM)  with  MCM  and  FD 


(x,y) 

N 

MPM 

N 

MCM 

N 

FD 

(0.5,1.0) 

60 

13.18 

2000 

13.40±1.113 

1000 

13.16 

(1.0,1.0) 

50 

21.69 

2000 

20.85±1.162 

1000 

20.74 

(1.5, 1.0) 

60 

23.29 

2000 

23.58±1.213 

1000 

22.99 

(1.5, 0.5) 

200 

11.62 

2000 

10.13±0.879 

1000 

10.21 

(1.5, 1.5) 

100 

59.41 

2000 

58.89±2.138 

1000 

59.06 

5  CONCLUSIONS  AND  DISCUSSION 

A  probabilistic  method  called  the  multiple  paths 
method  (MPM)  was  introduced  in  this  work.  The  method 
is  based  on  the  calculation  of  the  probability  of  absorp¬ 
tion  of  a  particle  on  the  boundary.  The  random  walk  is 
chosen  along  an  arbitrary  path  passing  through  the  point 
whose  potential  is  to  be  determined.  A  random  number 
generator  is  used  to  select  a  random  path.  Unlike  other 
probabilistic  methods  in  which  a  grid  is  generated  a  sim¬ 
ple  path  is  used  for  the  random  walk.  The  simple  result 
given  by  (9)  and  (10)  provides  less  computation  time  and 
faster  convergence.  In  rectangular  grids,  however,  each 
random  walk  ends  up  at  one  point  on  the  boundary  and  a 
large  array  storage  is  needed.  The  MPM  results  are  com¬ 
parable  to  other  probabilistic  techniques  and  numerical 
methods  as  well.  There  are  two  factors  affecting  the  er¬ 
ror  and  computation  time  in  probabilistic  methods:  The 
finite  number  of  trials  and  the  finite  number  of  steps  in 
a  grid.  In  the  new  method  the  probabilities  p  and  q  are 
independent  of  the  number  of  steps  for  a  homogeneous 
region  and  therefore  the  method  is  fast  and  accurate  for 
a  uniform  medium. 

Although  MPM  introduces  less  computation  time  and 
is  simple  to  apply  it  still  needs  improvements.  For  con¬ 
cave  regions  and  near  the  boundary,  there  may  arise  sit¬ 
uations  where  a  “shadow  region”  is  not  accessible  by  any 


path  and  hence  part  of  the  boundary  may  not  incorporate 
in  the  calculation  which  can  be  a  source  of  error.  If  part 
of  the  boundary  is  occluded  by  another  and  the  concave 
region  can  be  divided  in  two  convex  regions  the  shrinking 
boundary  method  can  be  used.  The  value  of  the  potential 
on  the  border  line  of  the  two  regions  can  be  incorporated 
as  new  boundary  points  into  the  calculation.  A  combina¬ 
tion  of  the  MPM  and  a  floating  random  walk,  shrinking 
boundary  method  or  an  exodus  method  routine  can  be 
effective  in  these  special  cases. 
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Abstract-  A  new  design  procedure  for  log-periodic  dipole 
arrays  is  presented  in  this  paper.  In  this  method,  either  the 
scale  factor  or  the  number  of  dipole  elements  is  selected,  after 
the  boom  length,  and  the  operating  frequency  region  are  speci¬ 
fied.  The  procedure  is  applied  iteratively,  in  conjunction  to  the 
Numerical  Electromagnetic  Code,  to  produce  a  design  with  low 
sidelobe  levels.  With  this  new  procedure,  the  antenna  designer 
has  more  control  over  the  boom  length;  in  older  techniques,  the 
boom  length  and  the  element  spacing  were  dependent  on  previ¬ 
ous  calculations,  which  frequently  resulted  on  unreasonable 
values. 

Results  for  several  designs  are  presented,  showing  the  peak 
gain  to  peak-sidelobe  level  ratio,  and  the  antenna  gain  as  a 
function  of  frequency,  for  different  scale  factors  and  boom 
lengths,  for  a  frequency  range  of  13  to  30  MHz. 

I.  Introduction 

Log-periodic  dipole  array  (LPDA)  antennas  are  truly 
broadband  structures  which  can  be  fabricated  to  operate  over 
almost  any  frequency  band  [1].  These  structures  commonly 
present  excellent  VSWR  characteristics  over  the  design 
bandwidth.  However,  the  radiation  characteristics  have  not 
been  exceptional  for  most  designs;  this  is  particularly  true 
when  the  designed  antenna  is  placed  over  ground.  The  peak 
gain  to  peak  sidelobe  level  ratio  for  these  antennas  varies 
from  poor  to  average  (10-15  dB). 

The  design  procedure  for  the  LPDA  relies  mostly  on  the 
use  of  design  curves  and  a  series  of  calculations  to  obtain  the 
scale  factors,  t,  a  and  a,  the  dipole  element  lengths,  the 
spacing  between  elements,  and  the  boom  length.  Since  the 
boom  length  is  a  result  of  the  design  process,  an  unreason¬ 
ably  large  value  can  be  obtained  for  the  boom  length,  and  the 
procedure  must  be  repeated  until  a  reasonable  boom  length  is 
obtained.  Sometimes,  after  the  procedure  is  completed,  and 
the  antenna  dimensions  are  specified,  it  is  found  that  the 
antenna  radiation  pattern  is  unacceptable. 

For  the  purpose  of  improving  the  design  procedure  of 
log-periodic  antennas,  a  new  method  is  presented  in  this 
paper.  The  new  design  procedure  requires  as  inputs  the  fre¬ 
quency  band  of  operation,  the  boom  length,  I,  and  either  the 
scale  factor,  t,  or  the  number  of  dipole  elements,  N,  The 
resulting  design  is  simulated  numerically  to  verify  the  gain, 
and  peak  gain  to  peak  sidelobe  level  ratio. 

This  paper  presents  a  comparative  study  of  the  peak 
gain  to  peak  sidelobe  level  ratio  and  antenna  gain  for  differ¬ 
ent  scale  factors,  and  boom  lengths.  Computer  simulations 
were  performed  using  NEC  [2]. 

The  results  reported  show  that  this  new  procedure  can 
yield  very  good  designs.  Peak  gain  to  peak  sidelobe  level 


ratios  in  the  order  of  25-30  dB  are  possible,  while  maintain¬ 
ing  good  VSWR  characteristics,  and  reasonable  antenna 
dimensions. 

Two  design  examples  are  presented,  one  following  the 
standard  handbook  procedure,  and  one  following  the  new 
procedure  developed  here.  The  resulting  array  sizes  are  then 
compared  with  each  other. 

II.  Background 

A.  Basic  Theory 

Log-periodic  antennas  were  introduced  by  DuHamel 
and  Isbell  in  1955  [3,4],  as  a  modification  to  the  equiangular 
log-spiral  antenna  characterized  by  Rumsey  [3,4].  Isbell  then 
introduced  the  LPDA,  the  most  widely  used  log-periodic 
structure  [4].  The  LPDA  consists  of  a  sequence  of  parallel 
dipoles,  with  successively  increasing  lengths  outward  from 
the  feed  point  at  the  apex  [5],  as  shown  in  Fig.  1  [6].  The 
feed  lines  cross  over  between  adjacent  elements  to  provide  a 
180°  phase  shift  between  elements.  This  phase  reversal  is 
necessary  to  produce  a  beam  pointing  in  the  direction  of  the 
smallest  elements.  In  this  way,  interference  from  the  longer 
elements  is  avoided,  and  the  smaller  elements  act  as  director 
elements  as  in  the  Yagi-Uda  array. 
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Note  from  Fig.  1  that  the  dipole  lengths  increase  along 
the  structure  so  that  the  angle  a  is  constant.  The  geometry  of 
the  log-periodic  antenna  is  chosen  so  that  the  electrical  prop¬ 
erties  repeat  periodically  with  the  logarithm  of  the  frequency 
[4].  The  length  and  radius  of  the  dipole  elements,  and  the 
inter-element  spacing  are  scaled  so  that  [7] 


where  /,•  is  the  length  of  dipole  i,  and  ,+i  is  the  distance 
between  the  centers  of  dipoles  i  and  z+l.  Since  in  practice  it 
is  difficult  to  find  wires  or  tubing  with  different  exact  radii, 
then  either  only  one  radius,  or  a  few  different  radii  can  be 
used  in  the  antenna  manufacturing  without  significantly 
degrading  the  antenna  performance  [8]. 

This  self  scaling  property  stated  in  (1),  implies  that  the 
array  has  the  same  radiating  characteristics  at  frequencies 

related  by  a  factor  t,  e.g.,  at  frequencies/;, /^=t//,/3='cV;, 
etc. 

Not  all  the  elements  in  the  array  are  active  at  a  given  fre¬ 
quency.  The  elements  slightly  smaller  than  a  half  wave¬ 
length  constitute  the  active  region,  since  they  support  much 
more  current  that  the  rest  of  the  elements. 

The  frequency  band  of  operation  is  roughly  determined 
by  the  frequencies  at  which  the  longest  and  shortest  dipoles 
are  half-wavelength  resonant,  i.e.  [5] 

/j  =  _  and  h"  ~2 


T.  The  constant  gain  contours  are  given  by  [4],  and  are  plot¬ 
ted  as  function  of  a  and  t  in  Fig.  2.  Note  that  these  contours 
are  reduced  by  1.5  dB  from  the  original  contours  presented 
by  Carrel  in  [13].  This  reduction  is  an  average  correction  for 
the  error  made  by  Carrel  in  the  calculation  of  the  E-plane 
pattern  [3]. 


Fig.  2.  Gain  contours  for  a  log-periodic  dipole  array  (from 
[4],  after  Reference  [14]) 


For  this  procedure,  first  the  antenna  bandwidth  is 
selected.  Then,  the  values  for  ct  and  t  are  found  using  Fig.  2 
and  the  desired  antenna  gain;  the  value  of  a  is  found  from 
(4).  The  lengths  of  the  longest  and  shortest  elements  are  cal¬ 
culated  using  (2),  and  the  rest  of  the  element  lengths  are 
found  from  (1).  The  inter-element  spacings  can  be  found 
from  (3),  and,  feally,  the  boom  length  is  found  by  adding  all 
the  inter-element  spacings. 


where  /j,  and  are  the  longest  and  shortest  dipoles,  respec¬ 
tively,  and  and  are  the  wavelengths  corresponding  to 
the  lower  and  upper  frequency  limits,  respectively. 

The  other  two  parameters  that  characterize  the  LPDAs 
are  the  spacing  factor,  a,  and  the  angle,  a.  The  angle  a  forms 
an  imaginary  wedge  that  bounds  the  dipole  elements,  as 
shown  in  Fig.  1.  The  scaling  factor  t,  the  spacing  factor  a, 
and  the  angle  a  are  interrelated  and  are  given  by  [4] 


^i,i+l  _  1-T 

2/,.  4tana 


(3) 


a  =  tan 


(4) 


B.  Present  Handbook  Design  Procedure 

The  design  procedure  is  well  known,  and  details  on  the 
procedure  are  available  in  the  literature  [8-12].  A  short  sum¬ 
mary  of  this  method  is  presented  in  the  following  para¬ 
graphs. 

The  antenna  gain,  radiation  pattern,  and  input  imped¬ 
ance,  depend  upon  the  spacing  factor,  a,  and  the  scale  factor. 


C.  Example 

It  is  desired  to  design  a  LPDA  that  operates  between  13 
and  30  MHz,  with  a  gain  of  at  least  10.5  dBi,  and  peak  gain 
to  peak  sidelobe  level  ratio  of  at  least  15  dB. 

Using  Fig.  2,  a=0.179,  and  t=0.964,  and  from  (4), 
2a=5.75°.  After  applying  (2),  and  (1),  the  dipole  element 
lengths  were  calculated.  The  LPDA  antenna  designed 
required  24  elements.  The  spacings  were  then  calculated 
from  (3),  and  the  boom  length  turned  out  to  be  65.364  m. 
Selected  values  of  the  dipole  lengths  and  the  inter-element 
spacings  are  shown  in  Table  I. 

Note  the  excessively  long  boom  length  that  resulted 
from  this  design  procedure.  A  new  design  technique  is 
developed  in  order  to  produce  LPDAs  with  excellent  electri¬ 
cal  characteristics,  while  having  a  reasonable  size  and  fewer 
elements  than  those  obtained  in  this  case. 

III.  LPDA  Antenna  Design 

A.  New  Design  Procedure 

The  new  design  methodology  is  simplified  from  that  of 
the  standard  procedure,  by  taking  advantage  of  the  log-peri¬ 
odic  properties  of  the  antenna  structure.  In  the  new  proce- 
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dure,  the  boom  length  is  specified  beforehand,  to  ensure  a 
physically  realizable  design  is  obtained.  The  classical  design 
methodology  has  the  boom  length  as  an  output  parameter, 
and  therefore,  there  is  the  possibility  of  obtaining  a  design 
that  is  not  physically  realizable. 

Table  I:  Selected  Lengths  and  Spacings  for 
LPDA  Antenna 


^2,3  “  ''^1,2 
^3,4  "  ^^2,3  "  ''^^^1,2 
~  ^1,2 
^N-  \,N  ~  “1,2 


i 

Dipole  Length, 

/,-  (m) 

Spacing,  ,• 

(m) 

1 

11.12 

1,2 

4.13 

2 

10.72 

2,3 

3.98 

23 

5.15 

22,23 

1.91 

24 

4.97 

23,24 

1.84 

The  new  design  procediue  takes  the  boom  length,  L,  the 
frequency  range  of  operation, and  either  the  scale 
factor,  T,  or  the  number  of  dipole  elements,  N,  as  input 
parameters.  The  dipole  lengths,  the  inter-element  spac¬ 
ings,  c?,-.;  j,  and  either  or  t,  are  then  calculated. 

The  resulting  design  is  then  simulated  numerically  to 
verify  that  the  gain,  and  the  peak  gain  to  peak  sidelobe  level 
ratio  comply  with  the  specifications.  The  procedure  is 
explained  in  detail  in  the  following  paragraphs. 

1 .  Specify  the  boom  length,  L,  the  lowest  operating  fre¬ 
quency,/^,  and  the  highest  operating  frequency, 


where  /,•  is  the  wavelength  at  frequency  /•,  /j  is  the  longest 
dipole  element,  is  the  shortest  dipole  element,  ,■  is  the 
spacing  between  elements  /-I  and  /,  and  c  is  the  speed  of 
light  in  a  vacuum. 

Therefore,  rearranging  (5), 


h  _f\  _  N-\ 

h  fN  " 


(7) 


3.  Specify  either  i  or  N. 

If  T  is  specified,  taking  the  logarithm  of  (7) 


If  iV  is  specified,  then,  rearranging  (8), 


(8) 


(9) 


2.  Stt  and/5v=1.5/^,  to  ensure  smooth  high  fre¬ 
quency  characteristics. 

Recall  that  the  dipole  lengths  are  given  by 


(10) 


7  _  ^ 

,  ,  c  c 

‘  -  2^ 

7  /-I,  i-\  c  C 

2?: -27, 

,  N-lj  N-\  C  c 

- '  'i  -  '  27-27 


(5) 


N 


and  that  the  spacing  between  dipole  elements  is  given  by 


logi 


© 


T  =  10 


(Af-1) 


(11) 


4.  Find  the  spacing  between  the  two  largest  elements, 
‘^1,2- 

Recall  that  L  is  the  sum  of  all  inter-element  spacings. 


N 


L  ^1,2  ■'■'^2,3  ■'■■■■  (17) 

Using  (6),  (12)  becomes 


i  =  2 
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N-2 

=  ^1,2  ^ 

!  =  0 

Equation  (13)  can  be  simplified  as 


L  ^  d 


1,2 


^  N-\  - 

'^T  -  1 

T-  1 


Therefore, 


1,2 


-  L 


N-\ 


i-T 


(13) 


(14) 


(15) 


5.  Find  the  dipole  lengths  using  (5),  and  the  spacing 
between  elements  from  (6). 


antenna  gain,  respectively,  for  t=0.85,  0.87,  0.89.  Figures  5 
and  6  show  the  peak  gain  to  peak  sidelobe  level  ratio,  and  the 
antenna  gain,  respectively,  for  t=0.91,  0.93,  0.95. 


13  15  17  19  21  23  25  27  29 


f(MH2) 

Fig.  3.  Peak  gain  to  peak  sidelobe  level  ratio  for  i=14.6  m 
and/z=16.8m. 


6.  Simulate  the  resulting  antenna  design,  and  examine 
the  peak  gain  to  peak  sidelobe  level  ratio,  and  the 
antenna  gain. 

7.  Repeat  the  procedure  by  changing  L,  x  or  N,  until  the 
design  meets  the  specifications. 

In  the  next  section,  a  LPDA  antenna  is  designed  follow¬ 
ing  the  aforementioned  procedure. 

B.  Example 

Design  a  LPDA  as  specified  in  Section  II-B,  but  with  a 
minimum  peak  gain  of  12  dBi  over  average  ground,  and  a 
peak  gain  to  peak  sidelobe  level  ratio  greater  than  20  dB. 


0 »  ■  t I I ^ I _ I _ I — I 1 — « — > - ' — I ' — ^ 

13  15  17  19  21  23  25  27  29 

Fig.  4.  Gain  forZ=14.6  m  and  /z=16.8  m. 


1. /^=13MHz,/^30  MHz,I=7.3,  9.14,  11,  12.8,  14.6 
m. 

2.  /i=13  MH2,/n=1.5(30)=45  MHz. 

3.  t=0.85,  0.87,  0.89,  0.91,  0.93,  0.95;  N=9,  10,  12,  14, 
18,  25. 

The  scale  factor,  x,  (or  the  number  of  elements)  is  varied 
for  each  boom  length  case.  The  resulting  antenna  design  for 
each  case  is  modeled  using  NEC  3.  In  the  simulation,  the 
antenna  is  placed  16.8  m  above  ground  with  relative  permit¬ 
tivity  £j.=13.0,  and  conductivity  a=5.0  mS/m.  The  boom  is 
modeled  as  a  transmission  line,  of  characteristic  impedance 
Zq=200  Cl,  connecting  the  dipole  elements.  The  peak  gain  to 
peak  sidelobe  level  ratio  is  recorded  for  elevation  angles  of 
0®  to  40°,  and  its  largest  value  is  plotted  against  frequency. 
The  antenna  gain  is  also  plotted  against  frequency. 

Results  are  shown  for  the  case  of  L-\4,6  m.  Figures.  3 
and  4  show  the  peak  gain  to  peak  sidelobe  level  ratio,  and  the 
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f(MHz) 

Fig.  5.  Peak  gain  to  peak  sidelobe  level  ratio  for  L=9. 14  m 
and/f=16.8m. 

Note  that  as  x  increases,  so  does  the  peak  gain  to  peak 
sidelobe  level  ratio.  The  condition  of  having  a  peak  gain  to 
peak  sidelobe  level  ratio  greater  than  20  dB  is  met  only  for 
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t=0.93,  and  t=0.95.  However,  increasing  t  from  0.93  to 
0.95,  increases  the  number  of  elements  by  seven. 


13  15  17  19  21  23  25  27  29 

f(MHr) 

Fig.  6.  Gain  fori=9.14m  and /2=16.8m. 

For  smaller  boom  lengths,  the  peak  gain  to  peak  side- 
lobe  level  ratio  criterion  was  met  for  other  values  of  t,  and 
numbers  of  elements. 

The  antenna  gain  is  very  flat  over  the  entire  frequency 
band,  having  a  value  of  about  13  dBi.  As  the  boom  length  is 
shortened,  the  gain  slightly  decreases.  Therefore,  a  scale  fac¬ 
tor,  t=0.93,  is  selected,  yielding  an  18  element  LPDA. 
Selected  values  for  the  dipole  lengths  and  inter-element 
spacings  are  presented  in  Table  II.  All  dipole  elements  have 
a  radius  of  12.7  mm. 


TABLE  II:  SELECTED  Lengths  and  Spacings 
FOR  LPDA  Antenna 


i 

Dipole  Length, 

/,■  (m) 

Spacing, 

(m) 

1 

11.54 

1,2 

1.44 

2 

10.73 

2,3 

1.34 

17 

3.61 

16,17 

0.48 

18 

3.33 

17,18 

0.45 

Figures  7-12  show  representative  azimuth  and  elevation 
patterns  calculated  with  NEC  for  the  selected  design,  at  14.2, 
21.2,  and  28.5  MHz.  Fig.  13  shows  that  a  VSWR  of  less  than 
1.4  was  obtained  for  the  entire  frequency  band. 

Note  that  the  gain  of  this  antenna  is  higher  than  the  one 
expected  for  the  antenna  designed  with  the  traditional 
method.  This  improvement  over  the  standard  handbook 
method  was  achieved  with  a  smaller  number  of  elements, 
and  a  shorter  boom  length.  If  the  LPDA  antenna  with  mini¬ 
mum  gain  of  12  dBi  was  to  be  designed  with  the  traditional 
method,  the  number  of  elements  would  increase  to  43,  and 
the  boom  length  would  be  almost  twice  the  original  value 
computed  for  the  antenna  with  10.5  dBi  gain. 


Fig.  7.  Azimuth  pattern  for /=14.2  MHz  and  /2=16.8  m. 


90- 


E  I  e  u  a  t  I  o  n 


0  dB  ::  13.16  dBI  H.200  HHz 

Fig.  8.  Elevation  pattern  for /=14.2MH2  and  /z=16.8  m. 
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1,4 


90- 


E  I  8  u  a  t  i  0  n 


0  dB  =  13.56  dBi  21.200  tIHz 

Fig.  10.  Elevation  pattern  for/=21.2  MHz  and  k=\6.Z  m. 


Fig.  1 1 .  Azimuth  pattern  for/=28.5  MHz  and  h=\6.%  m 


w 


E  I  8  u  a  t  i  0  n 

0  dB  s  13.35  dBi  28.500  HHz 

Fig.  12.  Elevation  pattern  for/=28.5  MHz  and  /r=16.8  m. 
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Fig.  13.  VSWR  for  final  design,  t=0.93,  1=14.6  m,  and 
/!=16.8m. 

IV.  CONCLUSIONS 

A  new  procedure  for  the  design  of  log-periodic  dipole 
array  antennas  has  been  developed.  In  this  new  procedure, 
the  boom  length  is  selected  beforehand.  Specifying  the  boom 
length  as  the  first  step  in  the  design  procedure,  ensures  that 
impractical  values  for  the  boom  length  do  not  arise. 

An  antenna  was  designed  following  both  the  old  and  the 
new  procedures.  It  was  shown  that  the  new  design  technique 
produced  a  smaller  antenna  size,  and  a  fewer  number  of  ele¬ 
ments  than  the  old  procedure,  while  maintaining  excellent 
radiation  and  VSWR  characteristics. 

It  was  also  shown  that  the  peak  gain  to  peak  sidelobe 
level  ratio  increases  as  the  t  factor  is  increased,  for  a  given 
boom  length.  The  antenna  gain  was  very  flat  over  the  fre¬ 
quency  band  of  interest,  and  it  increased  slightly  for  larger 
values  of  t,  and  L. 
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Abstract:  As  it  is  well  known  the  Charge  Simulation  Method  is  a  numerical  method  for  the  computation 
of  the  electric  field  in  three-dimensional  problems,  based  on  the  concept  of  the  substitution  of  the  electrodic 
geometry  with  a  series  of  elementary  charge  suitably  arranged.  In  this  paper  we  will  show  a  possible,  useful 
way  to  overpass  the  difficulties  arising  in  the  numerical  computations  on  the  integral  expression  of  the  electric 
potential  in  the  contour  points  where  the  boundary  conditions  are  imposed,  when  distributed  surface  charges 
are  used  in  the  simulation.  The  numerical  approach  presented  here  allows  us  to  evaluate  with  accuracy  the 
potential  coefficients  on  the  metallic  surfaces,  avoiding  the  presence  of  oscillatory  numerical  solutions  in  the 
computation  of  the  electric  potential  and  of  the  electric  field  strength  around  the  electrodes,  that  generally 
occurs  when  discrete  charges  are  used  in  the  simulation. 


1  Introduction 

As  it  is  well-known,  the  calculation  of  electrostatic  fields  requires  the  solution  of  Laplace’s  and  Poisson’s 
equations  with  the  imposition  of  suitable  boundary  conditions. 

Generally  the  geometrical  complexity  of  the  systems  involved  in  engineering  applications  such  as  high 
voltage  plants,  power  trasmission  lines,  makes  impossible  to  find  analytical  solutions  for  the  distribution  of 
the  electric  field  and  its  gradient  strength.  Therefore,  numerical  methods  are  commonly  used.  Among  these 
methods,  integral  approaches  to  the  solution  of  Laplace’s  and  Poisson’s  equations,  like  the  Charge  Simulation 
Method  ([7],[8],[3],[2],[1]),  are  widely  used,  expecially  in  ultra  high  voltage  systems  design,  for  its  good 
applicability  to  full  three  dimensional  problems.  This  method  is  based  on  the  concept  of  the  substitution  of 
the  electrodes  geometry  with  a  series  of  unknown  discrete  charges.  The  value  of  these  charges  are  determined 
by  imposing  that  their  global  effect  satisfies  the  boundary  conditions  in  a  selected  number  of  points,  located  in 
the  boundary  regions.  As  electric  fields  distribution  so  obtained  due  to  these  arrangements  of  charges  satisfies 
the  Laplace’s  or  Poisson’s  equation  inside  the  domain  under  analysis,  the  numerical  solution  found  is  unique 
inside  the  domain.  The  discrete  nature  of  this  approach  requires  the  selection  and  the  placement  of  a  large 
number  of  fictitious  charges  to  reach  the  required  numerical  accuracy,  expecially  in  problems  with  more  than 
two  different  dielectric  materials  and/or  in  presence  of  thin  dielectric  or  conductors  layers.  Moreover,  the  use 
of  discrete  charges  in  shape  of  point,  segment  or  annular  sector  involves  their  placement  at  a  certain  distance 
outside  the  boundary,  to  avoid  singularity  problems,  and  this  fact  leads  to  significantly  loss  in  accuracy  of  the 
numerical  computation  near  the  interface  between  electrodes  and  dielectrics,  expecially  in  presence  of  sharp 
edges  and  of  thin  layers  of  materials. 

A  possible  way  to  mantain  the  number  of  the  simulation  charges  to  a  practically  treatable  one  and,  at  the 
same  time,  to  overpass  this  problem,  seems  to  be  the  use  of  distributed  charge  densities  in  the  discretization. 

In  this  paper  a  possible  application  of  the  Charge  Simulation  Method  with  the  use  of  distributed  charge 
densities,  placed  in  the  surface  of  the  electrodes,  is  decribed,  solving  the  problem  of  the  numerical  treatement 
of  the  singularities  contained  in  the  integral  expression  used  for  the  evaluation  of  the  electric  potential  and 
the  field  strength. 
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2  Numerical  Formulation 


In  the  Charge  Simulation  Method,  for  the  calculation  of  the  magnitude  of  the  electric  charges  used  in  the 
discretization,  n  points  on  the  surface  of  the  conductors,  called  contour  points,  are  chosen  and  at  any  of  these 
points  the  electric  potential  resulting  from  the  superposition  of  the  effects  of  the  charges  is  posed  equal  to 
the  known  boundary  values: 

n 

Vfc  =  (2.1) 

2  =  1 

where  pi^k  are  the  electric  potential  coefficients,  qi  the  distributed  charges,  and  14  the  values  of  the  voltage. 

In  general,  the  integral  expression  of  the  coefficients  pij  can  be  written  as  follows: 

_  1  ff  ^ 

Aire  \Qi\J 

where  Qi  is  the  portion  of  the  surface  of  the  electrodes  where  the  surface  charge  qi  is  distributed,  and  contain 
a  discontinuity  in  the  integrand  functions  when  the  i-ih  point  coincides  with  the  A:-th  one. 

The  numerical  treatment  of  these  discontinuity  has  been  avoided  up  to  now  by  replacing  the  distributed 
surface  charges  by  discrete,  fictitious  charges,  for  instance  in  shape  of  point,  segment,  and  ring.  Unfortunately, 
numerical  experiments  performing  this  technique  of  arrangement  have  generally  shown  a  reduction  in  the 
numerical  accuracy  of  the  results  and  the  presence  of  oscillatory  numerical  solutions  in  the  zones  near  the 
electrodes,  where  on  the  other  hand  the  accurate  evaluation  of  the  electric  potential  and  of  the  electric  field 
strength  are  often  required  for  the  design  of  the  devices. 

In  the  following,  a  possible  technique  used  to  solve  numerically  the  treatment  of  these  discontinuities  is 
described,  and  it  is  applied  to  the  main  surface  portions  that  can  be  used  in  the  numerical  simulation  of  the 
behaviour  of  high  voltage  devices  and  systems. 


(2.2) 


2.1  Case  (a).  The  cilindrical  surface  sector 

Let  us  parametrize  the  cylindrical  surface  in  cylindrical  coordinates  and  consider  the  following  discretization 
(see  fig.  1): 


ho  =:  0  <  ■  ■  <  hi  <  ■ '  ■  <  hn  =  L  and  =  0  <  •  -  -  <  <  •  -  •  <  =  Stt, 


(2.3) 


where  hi  =  2  =  0,  ■  •  ■ ,  n  and  Oj  =  j  =  0,  •  •  • ,  m. 

We  will  denote  by  P  =  {Rp  cos  6p/Rp  sin  0p,hp)  a  generic  point  in  R^,  and  by 


Pij  =  (  r  cos  ^  r  sin  )  =  (r  cos r  sine-' , /i') 


the  generic  point  on  the  cilinder’s  surface.  The  general  expression  for  the  potential  coefficient  P(ij)^p  on  a 
point  P  generated  by  the  surface  element  Qij  =  {{h,  0)  :  hi  <  h  <  hi^i^  ^  ^  <  ^j+i}  of  the  cilinder  is: 


j,  rdj  +  l  rhi+i 

~  47re  I  X, 


do  dh 


\JrI  +  —  2Ppr  cos(^  —  Op)  +  {h  —  hp)^ 


(2.4) 


The  integration  with  respect  to  the  variable  h  can  be  performed  in  an  analitical  way: 
setting. 


=  Pp  -f  —  2Rprcos{0  -  Op)  ,  h  —  hp  —  H 


we  get, 


Setting, 


/ 


dh 


R'p  +  —  2Rpr  cos[9  —  6p)  +  (h  —  hp)^  Pdi 


-I 


dH 


(2.5) 


VA^  +  H^  =  H  +  t  ,  H  =  ^—  ,  dH  = - 


2t 


2t2 
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we  have, 


/ 


dH 


By  imposing  the  inverse  substitution,  we  get 

f/i.+i 


=  -Int  =  -  ln{y/A^  +  -  H). 


Ffie)  = 


/ 

Jhi 


dh 


=  In 


=  In 


Rp  +  —  2Rprcos  {6  —  9p)  {h  —  hp)^ 

\J R?p  -h  —  2Rpr  cos  {9  —  6p)  +  [hi  —  hp)^  —  (hi  —  hp) 

R]>‘^r^  -  2RpTcos{9  -  6p)  +  (/i^+i  -  hpf'  -  (/if+i  - 

\J R?p-\-  -  2Rpr  cos  (0  —  0p)  +  {hi  —  hp)^  —  {hi  —  hp) 

Rp  +  H  —  2Rpr  cos  {6  —  ^p) 

4- In  (yjRp  +  r^  —  2Rpr  cos  {6  —  6p)  +  (/if+i  --  /ip)^  +  (/if+i  --  /^p) 


(2.6) 


(2.7) 


with  a  simple  rationalization. 

Now,  if  the  point  P  is  different  from  Pij,  then  the  integration  of  (2.7)  with  respect  to  0  can  be  performed 
with  a  simple  Gaussian  quadrature.  For  the  case  P  =  Pfj-,  let  us  study  the  only  singular  term 

In  (2r^(l  —  cos  {0  —  d^)))-  (2.8) 


The  next  step  is  to  find  the  order  of  singularity  of  (2.8).  To  this  end,  let  us  consider 


lim 


In  (2r^(l  —  cos  {6  —  0^))) 


(ri.)' 


sm{9~e^)  (0- 00^+1 

l-cos(0-0^  )  -0 


=  0 


for  every  0  >  0.  This  means  that  (2.8)  has  a  singularity  of  logarithmic  type.  Thus,  we  can  consider  the 

jP'  ■ 

following  technique  as  a  suitable  way  for  reducing  the  singularity  of  Fj  '^^{6): 


de 


Fr-‘ 


de 


1 

-  /  i^Fp'^{e^  -tT^)di 

1  -  7  Jo 


4- 


f 


F^'’^  {e^  + 1  ^-^ )  dt 


(2.9) 


for  any  7,  with  0  <  7  <  1,  making  the  change  of  variables  t  =  {0'-9j)^~‘'^  in  the  first  integral  and  t  =  {9—6^)^'^'^ 
in  the  second  integral.  The  evaluation  of  these  integrals  is  again  performed  by  means  of  a  Gaussian  quadrature 
method.  From  our  tests,  it  results  that  any  7  between  0  and  1  is  suitable  for  improving  the  numerical  results. 
For  the  numerical  simulation,  we  choose  the  value  7  =  -I,  because  it  is  the  most  convenient  value  from  a 
computational  point  of  view.  In  fact,  with  7  =  we  have  only  to  do  square  roots  and  raising  to  the  power 
of  two,  while  with  7  ^  ~  we  have  to  use  several  routines  for  the  raising  to  the  power  of  a  fractional  value 
that  are  much  more  time  consuming. 


2.2  Cast  (b).  The  flat  disk  sector 

Let  us  parametrize  the  flat  disk  in  polar  coordinates  and  consider  the  following  discretization  (see  fig.  2): 

po  =  0  <  -  ’  <  Pi  <  -  ’  <  pn  =  r  and  =  0  <  •  •  •  <  <  ■  •  •  <  =  Stt,  (2.10) 

where  Pi  =  ^;  i  =  0,  •  •  • ,  n  and  =  ^;  j  =  0,  •  •  • ,  m. 
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We  will  denote  by  P  =  {Rp  cos  9  p  ^  Rp  sm9  p  ,hp)  a  generical  point  in  and  by 


Pij  — 


Pi+l+A’  A'4-l  “b  A'  •  (  i  Z17  i  '  z)7  a\ 

2  “2 — °  j  ^  ^  ^ 


the  generic  point  on  the  flat  disk.  The  general  expression  for  the  potential  coefficient  P(ij),F  on  a  point  P 
generated  by  the  surface  element  Qij  —  {(p,  9)  :  pi  <  p  <  pi^i ,  ^ j  <  ^  <  of  the  flat  disk  is: 


^J+l  rPi+i 


^  r^J-ri  rp 

\^ij\  J$j  J pi 


pd9  dp 

lRp~\-  p^  —  2Rppcos  [9  —  9p)  +  /ip 


The  integration  with  respect  to  the  variable  p  can  be  performed  in  an  analytical  way: 


setting, 


=  2Rp  cos  {9  -  9p)  ,  ^Rl  A  hi 


/p'^ -A^p  +  B^  =  p  +  t  ,  p=- 

2it^+AH  +  B^) 
{A^+2ty — * 


B^ 

A'^  +  2t 


we  get, 


Therefore, 


V  -  +  52 


=  -ln(A2  +  2t). 


=  r 

''Pt 


ip^  AR^^hl-  2pRp  cos  -  ^f) 


_  1  (2p  2Rp  cos  —  ^f))  dp 

^  [Jpi  yjp'^  +  ief  +  -  2pRp  cos  (61  -  0p) 

In  (2\/p2  _  ^2^  +  52  _  (2^  -  2Rp  cos{e  -  6lp))) 
=  ^  +  52  -  2/>i+ii?p  cos  {0  -  Op)  -  yj pf  +  £2  _  2piRp  cos  -  9p) 


+A^  In 


2  f  2y/pf  *“  2Rppi  cos  {9  —  9p)  +  Pp  4-  /i|>  —  (2pi  —  2Pf  cos  —  ^f)) 


4Pp  sin^  —  ^f)  +  4/ip 


(2.11) 


(2.12) 


In  p|  —  2PfP2  cos  —  ^f)  +  Pf  "b  ^f  +  (^^2  “  2Pf  cos  {9  —  ^f))^ 
with  a  simple  rationalization. 

Now,  if  the  point  P  is  different  from  Pij,  then  the  integration  of  (2.12)  in  9  can  be  performed  with  a 
simple  Gaussian  quadrature.  For  the  case  P  =:  Pfj,  proceding  in  analogy  to  the  case  (a),  we  discover  that 
(2.12)  has  a  singularity  of  logarithmic  type,  and  a  change  of  variables  of  type  (2.9)  with  7  =  |  will  solve  all 
the  numerical  problems  due  to  the  singularity  of  (2.12). 


2.3  Case  (c).  The  spherical  surface  sector 

Let  us  parametrize  the  spherical  surface  in  spherical  coordinates  and  consider  the  following  discretization 
(see  fig.  3): 

00  =  0  <’••<(/!)*<••♦<  =  27r,  and  =  0  <  •  •  •  <  <  •  •  •  <  =  tt,  (2.13) 

where  2  =  0,  •  •  • ,  n  and  j  =  0,  •  ■  • ,  m. 


19 


We  will  denote  by 


P  —  [RpsinOp  cos  (j)p,  Rp  sin  6p  sin  (f>p,  Rp  cos  6p) 
a  generic  point  in  R^,  and  by 

f  ,  6j^i  +  dj  +  (f>i  ,  6j^i  +  9j  .  (pi^i  +  (f>i  Oj^i  +  6j 

Pij  -  (rsin-=i— ^ — ^cos - - - ,rsin-^^ — sin - - - ,rcos - - - 

=  (r  sin  9^  cos  ,  r  sin  9^  sin  (j)^ ,  r  cos  9^ ) 

the  generical  point  on  the  spherical  surface.  The  general  expression  for  the  potential  coefficient  P{ij),p  on  a 
point  P  generated  by  the  surface  element  Qij  =  {{<f>,9)  :  <f>i  <  <!>  <  <  ^  <  is: 


^i  +  l  r^i+i 


Attc  1  fi. 


rtfj-ti  rn 

'■J  I  JSj  Jhr 


sin  9  d9  dcj) 


r[cos  9p  cos  0+cos  0p)  sin  6  sin  6p] 


(2.14) 


Now,  if  the  point  P  is  outside  the  finite  element  Qij,  then  this  double  integral  can  be  efficiently  calculated 
with  two  nested  Gaussian  quadrature  routines.  But,  if  the  point  P  =  Pij^  then  the  formula  (2.14)  becomes 


r^i+i 

IJ  I  Joj  Jhi 


P(W  -  I 

and  the  integrand 


sin^c?^  d(f) 


ffr{e,<l>)  = 


—  [cos  9p  cos  9  -f-  cos  {(j)  —  (j)p)  sin  9  sin  9p] 


sin  9 


—  [cos^p  cos  9  +  cos  {(j)  —  (l)p)  sin  ^  sin  9p] 


(2.15) 


(2.16) 


has  a  singularity  in  {9^ 

For  determining  the  order  of  singularity  of  the  integration  of  with  respect  to  <t>  let  us  proceed  ad 
follows:  setting, 

=  1  —  cos  9p  cos  9  ,  =  sin  9p  sin  9 

(note  that  >  0)  we  consider  the  change  of  variables 

(j)  -  <j)p 

t  =  tan  — T - , 


Then,  we  have 


/ 


cos{(j>  —  <t>p) 
d(j> 


-I 


2dt 


^^2  _  52  cos(<^  -<j>p)  J  (1  +  +  B2)i2  +  (412  _  52) 

Again,  with  the  change  of  variables 

ZdZ 


{A^  -  B^)  +  (A"  +  =  Z^  ,  dt^ 


VA‘^  +  B^,/Z^-{A^-B^) 


we  get 


f^j+i 


2\/a2  +  B2  dZ 


y^A2-s2  co5(^-^p)  ‘^\/a2-b2  {Z^+2B^)y/ Z-\J 

and  this  integral  has  a  singularity  of  order  The  integration  of  between  (j)j  and  (j)^  is  treated  in  the 
same  way.  Now,  in  order  to  determine  the  degree  of  singularity  of  the  outer  integration  of  (2.15),  let  us 
consider  the  approximation  flj  of  ffj’^  given  by: 


sin^ 


^/l  —  cos  9^  cos  0  —  sin  ^  sin  9^  +  sin  9  sin  9^ 
Now,  we  know  how  to  integrate  analytically  //j  with  respect  to  (j): 


2 


(2.17) 
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setting, 


=  1  —  cos  ^  cos  —  sin  Q  sin  6^  ,  = 


2  sin  d  sin 


Z  =  (1>^(I>^ 


we  consider  the  change  of  variables 


Then,  we  have 


Therefore, 


2Bt  ’  2B  <2 

dZ  1  / - 

,  ■■-  =  -—  ln(VA2  +  52^2  _  52'). 

/2I2  +  52^2  B^^  ’ 


/  fiAeA)d<i> 

JSi 


'  sin  g  sin 
2 


1— cos  9  cos  0^— sin  ^  sin  0-^+sin  6  sin  9^  - 


B{cf>i  -  <l>^) 


[1  —  cos  {6  —  9^ )] 


+  In  Y  1  -  cos  0  cos  9^  -  sin 9  sin  9^  +  sin  9 sin  9^  — ^  ^  ^  +  B{<^i+i  —  (/!)’)  j 

Following  the  same  analitical  procedures  described  in  the  case  (a),  we  can  prove  that  this  function  has  a 
singularity  of  logarithmic  type  in  6>  =  9^' .  These  results  allow  us  to  consider  the  following  change  of  variables 
as  a  possible  and  suitable  way  for  reducing  the  singularity  of  the  double  integral  in  (2.15): 

{9,  <t>)d<f>  (2.19) 

J 

=  ^  2tff^’^{9,<j>^-t'^)dt  +  jj  '  + 

/  =  /  2tFf^;-{9^-t^)dt+r  2tFf;-{9^ +t^)dt.  (2.20) 

2.4  Case  (d).  The  annular  surface  sector 

Let  ns  parametrize  the  annular  surface  in  the  following  way: 

X  =  (i?  —  r  cos  0)  cos  <f> 

y  =  (r~  rcos9)sm<f)  (2.21) 

2  =  r  sin  0 

and  consider  the  following  discretization  (see  fig.  4): 

(j^o  =  0  <  •  •  •  <  <  •  •  •  <  =  27r  and  =  0  <  •  •  •  <  <  •  •  •  <  ^^  =  27r,  (2.22) 

where  (i>i  =  ^-,  z  =  0,  •  •  • ,  n  and  9j  =  ^]  j  =  0,  •  •  • ,  m. 

We  indicate  as  P  =  {{Rp  —  rp  cos  9p)  cos  (f>p ,  {Rp  —  rp  cos  9p')  siiKpp,  rp  sin  9p)  a  generical  point  in  R^, 
and  by 


Pi,j  =  ((fl-rcosf^±i±fi)cosli±|±^,(i?-rcos^i±^)sin^i±^,rsin^i±i±ii) 


=  ((P  -  r  cos  9^ )  cos  (j)',{R-  r  cos 9^ )  sin <j>^ ,  r sin 9^ ) 
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the  generical  point  on  the  annular  surface.  The  general  expression  for  the  potential  coefficient  P{ij),p  on  a 
point  P  generated  by  the  surface  element  Qij  =  6)  :  (pi  <  <f>  <  (pi+i,  dj  <  S  <  dj+i}  of  the  torus  is; 


Oj+1  r4>t+h 


47re  I Q 


rVj+i 

ijlJoj  J4>t 


{R  -  r  cos  9)  dd  d(l> 


Pi 


(2.23) 


Now,  if  the  point  P  is  outside  the  finite  element  Qij ,  this  double  integral  can  be  efficiently  calculated  with 
two  iterated  Gaussian  quadrature. 

But,  if  the  point  P  —  Pij,  then  the  formula  (2.23)  becomes 


47re 


Joj  J4>^ 


(jR  —  r  cos  9)  d9  d(j> 


(2.24) 


and  the  integrand 


{R  —  r  cos  9) 

y/2{R  —  r  cos  9Y\l  —  cos  (<^  —  ^^(sin 9  —  sin 9^^ 


(2.25) 


has  a  singularity  in  {9^ 

As  we  did  in  the  case  (c),  in  order  to  determine  the  degree  of  singularity  of  the  outer  integration  of  (2.24), 
let  us  consider  the  approximation  //y  of  given  by: 


[R  —  T  cos  9) 

y/{R  —  r  cos 9y{<j)  -  (l)^y  +  r^{sm9  ~  sin  9^y 


(2.26) 


Now,  by  operating  in  analogy  with  the  case  (c),  we  find  that  the  iterated  integrations  in  (2.24)  have  the  same 
order  of  singularity  as  in  the  spherical  case,  and  therefore  we  can  reduce  the  singularity  of  the  double  integral 
in  (2.24)  with  two  changes  of  variables  as  we  did  in  (2.19)  and  (2.20). 


3  Numerical  Tests 

Taking  into  account  the  shape  of  the  integrand  functions,  we  used  the  Gauss-Legendre  quadrature  method 
for  the  numerical  computation  of  the  potential  coefficients. 

As  it  is  well  known,  the  choice  of  the  number  of  weights  and  points  used  in  the  quadrature  routines  is  a 
critical  point.  To  this  purpose,  we  have  to  distinguish  the  evaluation  of  the  potential  coefficients  containing 
a  singularity  from  those  having  no  singularity.  In  absence  of  singularity,  that  is  when  2  ^  ^  in  (2.1),  few 
points  are  sufficient  for  a  good  numerical  approximation;  we  found  that  8  points  for  each  step  of  integration 
are  more  than  sufficient  for  an  accuracy  of  6  or  more  digits.  In  presence  of  a  singularity,  it  is  expected  a 
sensible  growth  of  the  number  of  points  needed  for  an  accurate  numerical  integration,  although  the  change 
of  variables  of  the  type  (2.19)  and  (2.20)  remove  the  singularity  from  an  analytical  point  of  view.  In  fact,  the 
quadrature  routine  must  evaluate  the  product  of  two  critical  terms:  one  very  small  and  the  other  very  large. 
Even  if  this  product  has  a  finite  value,  the  evaluation  is  not  very  stable  from  a  numerical  point  of  view. 

The  table  1  shows  how  the  quadrature  routines  (we  use  a  routine  in  [4]  for  the  generation  of  the  weights  and 
points)  behave  in  the  four  cases  (a)-(d).  The  quadrature  routines  works  in  double  precision.  The  execution 
time  is  referred  to  a  Pentium  90  MHz  processor.  We  estimated  the  degree  of  precision  by  comparison  with 
the  analytical  solution  when  it  exists  (i.e.  the  case  of  the  insulated  whole  spherical  surface),  elsewhere  by 
taking  into  account  the  number  of  digits  that  remain  unchanged  when  a  large  number  of  weights  and  points 
in  the  Gauss-Legendre  quadrature  routines  is  used. 

the  execution  time  is  quite  short,  bearing  in  mind  the  plain  hardware  computer  board  used.  The  first 
accuracy  and  execution  time  results  are  related  to  the  routines  implementing  the  change  of  variables,  the 
second  without  the  change  of  variables.  It  is  straightforward  to  derive  that  by  using  our  method  the  accuracy 
in  the  calculations  is  significantly  better  and  the  time  needed  reasonably  contained. 

It  should  be  underlined  that  it  is  convenient  to  use  a  limited  number  of  points  in  the  Gauss-Legendre 
quadrature  routines,  as  shown  in  table  1.  This  fact  occurs  for  two  reasons:  first,  the  increasing  of  the  number 
of  points  does  not  affect  significantly  the  accuracy,  but  it  increases  the  computational  time;  secondly,  if  we 
take  a  large  number  of  points  there  is  the  risk  that  the  numerical  results  of  some  operations  in  the  calculation 
may  have  overflow  and  underflow  problems.  For  example,  referring  to  table  1,  we  found  that  numerical 
problems  occurred  when  we  used  more  than  130  points. 
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Table  1:  Numerical  tests 


Sector  Type 

N.  of  points  for 
outer  integration 

N.  of  points  for 
inner  integration 

Ac 

E 

with 

curacy 

hgits 

without 

Ex€ 

time 

with 

jcution 

3  in  ms. 
without 

Cilinder 

— 

8 

4 

1 

<  10 

<  10 

and 

— 

16 

5 

1 

<  10 

<  10 

Flat  Disk 

— 

32 

6 

2 

<  10 

<  10 

— 

64 

8 

3 

<  10 

<  10 

— 

128 

8 

3 

<  10 

<  10 

Sphere 

8 

16 

3 

1 

<  50 

<  50 

and 

16 

16 

4 

1 

<  50 

<  50 

Annulus 

16 

32 

5 

2 

<  50 

<  50 

16 

64 

5 

2 

<  50 

<  50 

32 

32 

5 

2 

<  50 

<  50 

32 

64 

6 

2 

50 

<  50 

64 

64 

6 

2 

220 

110 

64 

128 

6 

2 

320 

170 

100 

OO 

7 

2 

550 

305 

4  Conclusions 

In  this  paper  a  possible,  useful  numerical  approach  to  the  accurate  evaluation  of  the  potential  coefficients  in 
integral  methods,  such  as  the  Charge  Simulation  Method  taking  into  account  surface  distributed  charges  is 
sho^vn. 

The  approach  consists  in  a  complete  mathematical  study  of  the  integral  singularity  resulting  in  a  suitable 
change  of  variables,  whose  effects  is  to  reduce  the  singularity  from  an  analitical  point  of  view.  Following  this 
approach,  degrees  of  precision  of  six  or  more  digits  can  be  easily  obtained  and  the  numerical  accuracy  of  the 
electrostatic  analysis  may  be  conveniently  improved  expecially  in  critical  zones,  such  as  near  the  electrodes, 
in  presence  of  sharp  edges  or  of  thin  dielectric  layers.  Of  course,  further  developments  and  more  detailed 
numerical  tests  dealing  with  practical  engineering  problems  are  opportune  and  necessary. 
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ABSTRACT.  Measured  radar  cross-section(RCS)  data  as  a 
function  of  the  angle  of  incidence  and  of  the  frequency 
over  a  wide  range  provide  an  excellent  basis  for  code 
validation.  This  paper  examines  the  RCS  of  six  targets 
measured  as  a  function  of  the  angle  of  incidence  of  the 
plane  wave,  and  of  the  frequency,  through  and  beyond  the 
resonance  range  of  target  size.  The  RCS  is  presented  as  a 
function  of  frequency  and  incidence  angle  using  a  color 
contour  map  in  a  polar  format,  with  the  radius 
proportional  to  the  frequency.  Such  polar  contour  maps 
exhibit  striking  patterns.  This  paper  relates  such  patterns 
to  the  underlying  scattering  mechanisms  and  target 
geometry.  The  RCS  as  a  Junction  of  incidence  angle  and 
frequency  is  available  from  the  authors  for  an  extensive 
collection  of  targets. 

1.  INTRODUCTION 

Developers  of  new  computer  codes  in  computational 
electromagnetics  carry  out  “code  validation”,  in  which 
computaticms  are  ccxnpared  with  reference  data,  both  to 
demonstrate  how  accurately  the  code  can  solve  a  given 
problem,  and  to  identify  requirements  of  the  code,  such  as 
the  minimum  number  of  elements  per  wavelength  distance. 
In  the  literature,  scattering  codes  are  often  validated  by 
comparing  monostatic  or  bistatic  scatter  patt^s  with 
measurements  at  a  single  frequency.  A  thorough 
evaluation  of  a  compute  code  includes  comparisons  over  a 
wide  frequency  range,  to  try  to  establish  the  limits  of  the 
validity  of  the  code[l]. 

The  open  literature  makes  available  the  RCS  as  a  function 
of  frequency  for  tmly  a  few  targets,  such  as  a  square  plate 
from  0.25  A  to  1.1  A  in  size[2],  a  metallic  strip  0.53  A  tall 
and  from  0.5  A  to  1.3  A  in  length[3],  a  metallic  cube  from 
0.1  A  to  3.7  A  in  size[4],  each  te  only  one  angle  of 
incidence.  Our  initial  RCS  measurements  extended  this  set 
of  “canonical”  targets  to  include  metallic  strips  and  rods, 
over  a  9  to  1  frequency  range,  fw  one  or  two  individual 
angles  of  incidence  such  as  broadside  or  end-on[5],  for  the 
validation  of  computations  by  wire-grid  modeling  and  by 
the  finite-difference  time-dCHnain  method[6].  We  then 


undertook  to  build  a  data  base  of  measured  radar  cross- 
sections  for  over  a  hundred  shapes,  including  discs,  right- 
circular  cones,  cone-spheres,  ellipsoids,  pyramids,  and 
simplified  aircraft  and  ships[7].  For  each  target  the  RCS 
has  been  measured  over  a  9  to  1  frequency  range,  at  one 
degree  angle  steps  over  360  degrees  when  there  is  no  axis 
of  symmetry,  ex'  180  degrees  when  there  is  one  symmetry 
axis,  and  so  forth.  The  measured  RCS  as  a  function  of  both 
frequency  and  incidence  angle  permits  both  the  comparison 
of  the  measured  RCS  with  the  computed  RCS  as  a  function 
of  frequency  at  a  given  incidence  angle,  and  the  traditional 
comparison  as  a  function  of  incidence  angle  at  a  given 
frequency,  and  so  provides  a  comprehensive  set  of  reference 
data  for  code  validation  for  that  target  for  plane  wave 
incidence  in  one  plane. 

This  paper  presents  the  RCS  of  six  of  the  targets  in  our  data 
base.  By  graphing  the  RCS  vs.  frequency  and  angle  as  a 
col(x  contour  map  in  a  polar  format[8],  intriguing  patterns 
of  maxima  and  minima  are  seen.  This  paper  lends  insight 
into  these  patterns  by  relating  them  to  the  scattering 
mechanisms  of  the  target.  Our  measured  RCS  data  may 
present  a  challenge  to  others  to  demonstrate  that  their 
computer  codes  can  accurately  predict  the  scattering 
mechanisms  suggested  by  our  simple  analysis. 


1.1  Measured  RCS 

The  scattered  field  is  measured  at  the  David  Florida 
LaboratOTy  in  a  6  by  6  by  6  m  anechoic  chamber,  using  the 
setup  shown  in  Fig.  1.  The  target  is  mounted  on  a 
styrofoam  column  on  a  rotator  which  can  turn  the  target  for 
0<6<360  degrees.  The  target  is  illuminated  by  a 
transmit  horn  and  the  scattered  field  measured  by  a  receive 
horn.  Hence  the  bistatic  scattered  field  at  a  fixed  range 
distance  is  measured.  This  section  defines  the  bistatic, 
finite-range  “radar  cross-section”  as  graphed  in  this  paper, 
and  discusses  its  relationship  to  the  true,  monostatic  RCS. 

The  transmit  horn  in  Fig.  1  illuminates  the  target  with  a 
spherical  wave  of  amplitude  £j  evaluated  at  the  centre  of 
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Fig.  1  The  geometry  of  the  measurement  setup. 


rotation.  The  target  scattws  field  back  to  the  receive  horn, 
which  measures  field  strMigth  E, ,  whae  the  “t”  subscript 

stands  fw  or  “target”.  The  bistatic,  finite  range  RCS, 
which  we  will  also  call  the  “measured  RCS”,  is  defined  by 


RCSiR,h,d,f)  =  lOlog 


47tR^\Et\ 


\Et\ 


...(1) 


in  dB,  and  d^nds  chi  the  hem  separation  h,  the 
measurement  range  R,  the  angle  of  incidence,  and  the 
frequency.  The  calibration  procedure  fcff  the  measurement 
setup  extracts  E,  frenn  three  voltages  measured  by  the 
network  analyzer:  Vj  with  the  target  on  the  support 
column;  V2  with  a  reference  sphere  wi  the  suppext  column, 
namely  an  50.8  mm,  highly-polished  steel  ball-bearing;  and 
V3  with  nothing  cm  the  suppext  column,  rq)resenting  the 
scattered  field  of  the  support  column  plus  the  residual 
scattered  field  of  the  anechoic  chamber.  Assuming  that  the 
target  does  not  interact  with  the  suppext  column,  the 
column-plus-room  cemtribution  can  simply  be  subtracted. 
The  “target  respemse”  is  the  difference  at  each  frequency 
between  the  respemse  with  the  target  on  the  column,  and 
that  with  nothing  cm  the  column,  1^,  =Ki  -V3 .  Similarly, 

the  “sphere  response”  is  the  difference  between  the 
respemse  with  the  sphere  cm  the  column,  and  that  with 
nothing  cm  the  column,  V,  =  ^2  “^3  •  scattered  field  at 
the  locaticm  of  the  receive  horn  is  prc^xmtional  to  the 
received  voltage,  hence  fex  the  target,  E,  =  CV, ,  and  for  the 
q)here,  £,  =  CV, ,  where  C  is  a  complex-valued, 
frequency-dependent  cemstant  accounting  for  the  gains  of 
the  horns,  the  losses  and  phase  shifts  in  the  cables,  and  so 
fcffth.  To  find  the  value  of  C  we  evaluate  the  scattered  field 
of  the  sphere  £,  =  using  the  Mie[9]  series  for  plane 
wave  scattmng  from  a  perfectly-conducting  sphere,  with 


the  appropriate  bistatic  angle.  Then  C  =  /V,  and  the 

scattered  field  of  the  target  is 

E,=(^)V,  ...(2) 

In  using  the  Mie  series  for  plane  wave  scattering  frexn  a 
sphere  we  are  assuming  that  the  measurement  setup 
satisfies  “far  field”  conditions,  and  we  may  be  introducing  a 
systematic  error.  Also  we  assume  that  the  sphere  is 
perfectly-conducting,  which  may  not  be  appropriate  for  a 
steel  sphere.  Equations  (1)  and  (2)  define  the  “measured 
RCS”  as  graphed  in  this  paper. 

1.2  Geometric  Error 

The  relaticmship  between  the  “measured  RCS”  of  Eqn.  (1), 
based  on  the  bistatic  scattered  field  at  finite  range,  and  the 
true  monostatic  RCS  is  a  complex  one.  Part  of  the 
difference  between  our  measured  RCS  and  the  monostatic 
RCS  is  due  to  the  bistatic,  finite-range  geometry,  and  we 
will  call  this  the  “geometric  oror”,  and  part  due  to  other 
sources  of  error[10].  True  RCS  measurement  requires  an 
incident  plane  wave,  fex  which  the  field  amplitude  does  not 
change  with  distance  traveled,  and  fex  which  the  phase  is 
cemstant  in  planes  perpendicular  to  the  direction  of  travel. 
In  the  measurement  setup,  the  incident  wave  is  spherical 
and  so  the  illuminating  field  strength  varies  as  inverse 
distance.  Hence  the  part  of  the  target  nearest  the  horns  is 
more  strongly  illuminated  than  that  farthest  from  the  hcxns. 
Also,  the  phase  of  the  illuminating  field  is  not  uniform  in 
planes  perpendicular  to  the  direction  of  propagatiem.  And, 
the  distances  from  various  parts  of  the  target  to  the  receive 
horn  differ  from  those  associated  with  backscattered  field, 
which  alters  the  phase  relationship  of  the  scattered  fields  at 
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Fig.  2  The  relative  sizes  of  the  six  targets,  and  their  orientations  in  the  coordinate  system. 


Table  1 

The  dimensions  of  each  target,  and  the  range  distance  and  bistadc  angle  of  the  measurement. 


Target 

Dimensions 

mm 

Polarization 

Bistatic 

angle 

degrees 

Range 

m 

D 

mm 

f max 

GHz 

thin  strip 

63.6x6.36x0.32 

vertical 

8.3 

1.2 

63.9 

44.1 

large  rod 

177.8x71.1x71.1 

horizontal 

3.0 

3.35 

204.3 

12.0 

large  cone 

80.5  mm  base  diameter 
147.6  mm  length 

horizontal 

7.7 

1.295 

153.0 

8.3 

cone-sphere 

25.3  mm  sphere  diameter 
50.1  mm  overall  length 

horizontal 

8.2 

1.217 

50.1 

72.7 

thick  disk 

100.9  mm  diameter 

20.4  mm  thickness 

horizontal  and 
vertical 

7.7 

1.295 

102.9 

18.3 

small  cone 

29.8  mm  base  diameter 

17.85  mm  length 

vertical 

8.3 

1.2 

23.3 

202.7 

27 


Fig.  3  The  RCS  of  the  thin  strip  of  Fig.  2(a)  for  vertical  polarization,  with  the  incident  electric  field  vector  parallel  to  the  z 
axis.  The  RCS  is  shown  with  color  contours  as  a  function  of  the  angle  of  incidence  9  in  the  xy  plane,  and  of  the 
fi-equency,  with  the  radial  axis  proportional  to  the  firequency,  from  2  GHz  at  the  inner  circle  to  18  GHz  at  the  outer 
circle. 

the  location  of  the  receiver.  All  these  differences  target  size  D  and  range  R,  the  maximum  frequency  at 
contribute  to  the  geometric  error.  which  the  rule-of-thumb  is  satisfied  is 


If  Z?  is  the  maximum  diagonal  dimension  of  the  target,  then 
if  R»D  and  R»h,  the  measurement  setup  approaches 
the  conditions  for  monostatic  RCS  measurement,  and  we 
expect  that  the  geometric  error  vwll  be  “small”.  The 
commonly-accepted  “rule-of-thumb”  for  choosing  a 
sufficiently  large  range  R  to  control  the  geometric  error 
is[10] 


...(4) 


where  c  is  the  free-space  speed  of  light.  But  the  rule-of- 
thumb  of  Eqn.  (3)  does  not  provide  an  estimate  of  the 
geometric  error  in  the  RCS  at  that  range. 


2  discusses  the  geometric  error  as  follows.  At  a 

R  .  frequency  and  angle  of  incidence  where  the  RCS  has  a 

A  maximum,  small  differences  in  the  strength  of  the 

illumination  and  in  the  phase  of  the  illumination  of  various 
where  X  is  the  wavelength.  More  elaborate  minimum-  scattering  centers  on  the  target,  and  small  path  differences 
range  conditions  are  reviewed  in  [11],  Hence  for  a  given  from  the  scattering  centers  to  the  receive  horn,  can  be 
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Fig.  4  The  RCS  of  the  large  rod  of  Fig,  2(b)  over  one  quadrant  of  the  xy  plane,  for  horizontal  polarization,  with  the  electric 
field  vector  parallel  to  the  xy  plane. 


unimportant,  and  the  error  in  the  measured  RCS  compared 
to  the  monostatic  RCS  can  be  small.  However  minima  in 
the  RCS  arise  due  to  cancellation  of  the  scattered  field  from 
various  parts  of  the  target,  and  then  small  differences  in  the 
strength  and  phase  of  the  illumination,  and  in  the  path 
lengths  back  to  the  receive  horn,  can  lead  to  very  large 
errors  in  the  RCS.  Hence  the  geometric  error  in  the  RCS 
maxima  can  be  small  but  that  in  the  RCS  minima  large. 
Ref.  [12]  provides  a  tool  for  choosing  the  measurement 
range  R  and  horn  separation  h  to  limit  the  geometric  error 
to  a  preset  maximum  over  a  chosen  range  of  RCS  values 
below  the  maximum  RCS. 

The  measured  RCS  contains  other  errors  as  well,  associated 
with  the  signal-to-noise  ratio,  with  the  time-gating 
measurement  method[10],  with  target  alignment,  and  so 
forth[10,12].  We  do  not  have  a  quantitative  estimate  of 
these  errors  in  our  measurements  at  this  time.  Dybdal[10] 
estimates  the  maximum  achievable  absolute  accuracy  in 
RCS  measurement  under  carefully-controlled  conditions  as 
0.5  dB. 


For  code  validation  purposes,  comparisons  of  computations 
of  the  monostatic  RCS  against  our  measured  RCS  are 
approximate.  Such  comparisons  will  lead  to  good 
agreement  in  the  RCS  maxima,  and  differences  in  the 
minima.  This  is  illustrated  in  Ref.  [5],  which  compares  the 
measured  RCS  of  Eqn.  (3)  for  the  strip  target  of  Fig.  2(a) 
with  the  computed  monostatic  RCS,  from  2  to  18  GHz. 
The  range  and  angle  are  given  for  the  strip  in  Table  1. 
Excellent  agreement  is  seen  in  Ref.  [5]  in  the  RCS  maxima. 
However,  the  sharp,  deep  minima  differ  between  the 
measurement  and  computation. 

To  make  the  best  use  of  our  measured  bistatic,  finite-range 
RCS  data  for  code  validation,  the  measurement  setup  of 
Fig.  1  should  be  simulated  in  the  computation.  This  is 
easily  done  by  locating  a  point  source  at  the  position  of  the 
feed  horn,  and  computing  the  scattered  field  at  the  location 
of  the  receive  horn.  Then  the  measured  and  computed 
scattered  fields  correspond  to  the  same  geometry,  greatly 
increasing  the  value  of  the  comparison. 
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Fig.  5  The  RCS  of  the  large  cone  of  Fig.  2(c)  for  horizontal  polarization,  outer  circle. 


1.3  Six  Targets 

Fig.  2  shows  the  set  of  six  targets  which  will  be  discussed 
in  this  paper.  Table  1  lists  the  range  R  and  bistatic  angle  a 
used  in  the  measurement  of  the  scattered  field  for  each 
target.  In  all  cases  the  horn  separation  is  17.46  cm,  and  the 
bistatic  angle  is  a  =  2tan'’^(A/(2/?)).  The  measured  data 
in  this  paper  was  taken  fi*CMn  2  to  18  GHz.  Table  1  lists  the 
maximum  frequency  firom  Eqn.  (4)  at  which  the  “rule-of- 
thumb”  of  Eqn.  (3)  is  satisfied.  The  measured  data  for  the 
strip,  the  cone-sphere,  the  thick  disk  and  the  small  cone 
targets  satisfy  Eqn.  (3)  to  beyond  18  GHz,  but  for  the  large 
rod  and  the  large  cone  the  range  is  too  short. 

Fig.  2  shows  the  shapes  and  relative  sizes  of  the  targets 
which  will  be  studied  in  this  paper.  The  figure  shows  two 
views  of  each  target,  in  an  xy  plane  at  the  top,  and  in  an  xz 
plane  at  the  bottom.  All  six  targets  in  Fig.  2  are  metallic. 
The  targets  are:  (a)  a  thin  strip,  of  length  10  times  its 


height;  (b)  a  large  rod  of  square  cross-section;  (c)  a  large 
right-circular  cone;  (d)  a  small  cone-sphere;  (e)  a  thick 
disk;  and  (f)  a  small  cone.  Table  1  gives  the  dimensions  of 
each  target.  Fig.  2  shows  the  orientation  of  each  target 
relative  to  the  xyz  coordinate  system  corresponding  to  the 
measurement  setup  in  Fig.  1.  In  Table  1,  “vertical 
polarization”  has  the  electric  field  vector  parallel  to  the  z 
axis,  and  “horizontal  polarization”  has  the  electric  field  in 
a  plane  parallel  to  the  xy  plane. 

1.4  Polar  Color  Maps 

Figs.  3  to  8  show  “polar  color  maps”  of  the  RCS  of  each 
target  in  dB  relative  to  the  square  metre.  The  angle  axis 
corresponds  to  the  angle  of  incidence  6  on  the  target,  with 
the  X  direction  oriented  toward  the  right  and  the  y  direction 
pointing  upward.  Radial  distance  firom  the  center  of  the 
graph  is  proportional  to  the  jfrequency  /  .  To  preserve  the 

geometric  relationships  discussed  later  in  this  paper,  the 
center  of  the  polar  axes  must  correspond  to  zero  frequency. 
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Fig.  6  The  RCS  of  the  cone-sphere  of  Fig.  2(d)  for  horizontal  polarization. 


In  the  polar  axes  in  Figs.  3  to  8,  the  inner  circle 
corresponds  to  2  GHz,  and  the  frequency  increases  linearly 
with  radius  to  18  GHz  on  the  outer  circle.  Each  point 
(/,0)  between  the  inner  and  outer  circle  represents  a 
unique  frequency  and  incidence  angle.  The  rectangular 
coordinates  of  point  (/,©)  will  be  denoted  using  (m,v), 
where  u^fcosO  and  v  =  /sin0  have  the  units  of 
frequency. 

The  RCS  could  be  graphed  as  a  conventional  contour  map 
using  solid  lines  to  show  RCS  contours  at  specified  levels, 
say  3  dB  apart.  Contour  lines  can  be  drawn  in  color,  with 
colors  corresponding  systematically  to  levels  of  RCS 
contours,  making  the  regions  of  high  and  of  low  RCS  easier 
to  distinguish.  By  filling  the  regions  between  contours  with 
color,  we  obtain  a  “color  contour  map”,  which  reveals 
patterns  in  the  RCS  more  boldly  than  do  simple  contour 
lines.  Such  a  map  is  constructed  by  assigning  a  color  to 
each  range  of  RCS  a ;  thus  color  #/:  is  used  to  plot  RCS 
values  in  a  range  <  <T  <  .  Various  color  scales  were 


discussed  in  Ref.  [8].  The  RCS  at  each  pixel  location  is 
interpolated  from  the  measured  data  near  that  frequency 
and  incidence  angle,  then  each  pixel  is  assigned  a  color 
according  to  the  RCS  value.  If  only  16  colors  are  used, 
then  the  changes  in  color  are  clearly  seen  as  curves  of 
constant  RCS  at  levels  .  When  the  number  of  colors  is 
increased  to  about  200,  the  color  appears  to  vary 
continuously,  as  shown  in  Figs.  3  to  8.  These  figures  were 
made  using  program  POLPLOT,  which  was  written  to 
display  RCS  and  other  data  in  the  polar  color  map  format. 
POLPLOT  for  Microsoft  Windows  is  available  from  the 
authors  at  no  charge. 

Figures  3  to  8  show  some  remarkable  geometric  patterns. 
Figs.  3,  4,  and  7  show  distinct  straight  bands  of  maximum 
and  minimum  RCS.  Figs.  4  and  5  show  sets  of  dark  bands, 
delineating  a  pattern  of  bright  dots.  Fig.  6  shows 
hyperbolas.  Figs.  7(b)  and  8  show  parts  of  ellipses.  In  the 
following  we  will  identify  simple  scattering  mechanisms 
that  give  rise  to  these  features.  To  understand  the  patterns 
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Fig.  7(a)  The  RCS  of  the  thick  disk  of  Fig.  2(e)  for  horizontal  polarization. 


seen  in  the  figures,  and  associate  them  with  target 
scattering  mechanisms,  it  will  be  sufficient  to  assess  the 
backscattered  field  due  to  an  incident  plane  wave,  rather 
than  analyze  the  more  ccmplex  measurement  geometry  of 
Fig.  1. 

2.  INTERFERENCE  OF  POINT  SOURCES 

Many  of  the  targets  of  Fig.  2  scatter  by  diffraction  from 
points  on  edges  or  from  tips.  This  section  shows  that 
interference  of  the  scattered  fields  frcm  two  point  sources 
leads  to  a  set  of  parallel  lines  of  maximum  and  minimum 
RCS  on  a  contour  map  in  polar  format. 

Fig.  9  shows  a  plane  wave  traveling  parallel  to  the  xy  plane 
in  direction  9  to  the  x  axis.  The  plane  wave  scatters  from 
two  diffiaction  points,  such  as  points  on  edges.  In  Fig.  9, 
the  diffraction  points  are  located  on  the  x  axis,  separated  by 
distance  d.  The  observer  is  at  a  distant  point  in  the  xy 
plane  in  the  backscatter  direction.  The  round  trip  path 


length  from  the  observer  to  point  #1  and  back  to  the 
observer  is  Ij ,  and  that  to  and  from  point  #2  is  L2 .  The 
difference  between  the  path  lengths  is 

l^-Li=2dcos9  ...(5) 

Let  and  a2  be  the  phase  changes  associated  with  the 
diffiaction  process  at  source  #1  and  source  #2,  respectively. 
Then  if  the  plane  wave  has  zero  phase  at  the  observer,  the 
phase  of  the  diffracted  field  due  to  source  #1  is  a^-kL^, 
and  to  source  #2,  a2  “  ^  >  where  k  =  2irf  /c  is  the  wave 
number  and  c  is  the  speed  of  light.  There  will  be  an  RCS 
maximum  when  the  phase  difference  between  the  diffiracted 
fields  at  the  observer  is  -2nn,  where  «  is  an  integer, 
positive,  zero,  or  negative.  Thus  there  will  be  an  RCS 
maximum  when 

-k(L2-I^)  +  (a2-cci)  =  -2m  ...(6) 
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Fig.  7(b)  The  RCS  of  the  thick  disk  of  Fig.  2(e)  for  vertical  polarization. 


The  spacing  of  these  lines  is  given  by 

Equations.  (5)  and  (6)  can  be  rearranged  to  show  that  c 

contours  of  maximum  RCS  satisfy  “  “»+i  ~  ~  ^ 


/cos0  =  — 
2d 


...(7) 


The  results  presented  in  the  following  indicate  that  the 
phase  changes  associated  with  the  diffraction  process, 
and  a2,  are  reasonably  constant  with  frequency  and 
incidence  angle.  If  (u,v)  gives  the  location  of  a  point  on  a 
polar  contour  map,  then  u  =  f  cosd,  and  Eqn.  (7)  states 

that  the  curves  of  maximum  RCS  have  constant  u,  that  is, 
are  straight  lines  parallel  to  the  v  axis.  The  lines  of 
maximum  RCS  are  at  positions 


Note  that  curves  of  minimum  RCS  satisfy  Eqn.  (6)  with  the 
right-hand  side  replaced  by  -2m- n ,  hence  lead  to 
vertical  straight  lines  with  the  same  spacing  as  the  lines  of 
maximum  RCS.  The  spacing  of  these  lines  of  minimum  or 
maximum  RCS  provides  a  convenient  comparison  with  the 
measured  data  because  it  is  independent  of  aj  and  0^2  • 
The  following  demonstrates  lines  of  maximum  and 
minimum  RCS  for  the  strip,  the  large  rod,  and  the  right 
circular  cone. 

2.1  The  Thin  Strip 


c  (  Oj-a') 
—  n+— — — 
2d\  2n  ) 


The  thin  metallic  strip  of  Fig.  2(a)  has  length  63.6  mm, 
...(8)  width  6.36  mm,  and  thickness  0.32  mm.  The  strip  lies  in 
the  xz  plane  with  the  long  dimension  parallel  to  the  x  axis. 
The  RCS  was  measured  with  the  incident  electric  field 
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Fig.  8  The  RCS  of  the  small  cone  of  Fig.  2(f)  for  vertical  polarization. 


parallel  to  the  z  axis,  that  is,  with  “vertical  polarization”. 
The  RCS  was  measured  fran  2  to  18  GHz,  for  angles  of 
incidence  from  0  =  0  ot  “end-rai”  through  0  =  90  or 
“broadside”,  all  the  way  around  back  to  0  =  0 ,  to  obtain 
the  polar  color  map  of  Fig.  3.  The  maxima  in  the  RCS 
show  a  striking  pattern  of  Wght  vertical  bands,  separated 
by  dark  bands  of  minimum  RCS.  For  end-on  incidence,  the 
frequencies  at  which  the  maxima  fall  in  Fig.  3  can  be  read 
from  their  intersecticms  with  the  horizontal  axis,  to  obtain 
3.4,  5.8,  8.2,  10.6,  13.0  and  15.4  GHz,  spaced  2.4  GHz 
apart.  The  largest  maximum  in  Fig.  3  falls  on  the  vertical 
axis,  for  0  =  90  degrees  or  “broadside”  incidence,  and  is 
due  to  specular  reflection  from  the  face  of  the  strip. 

The  bands  in  Fig.  3  are  readily  explained  by  ignoring  the 
thickness  of  the  strip,  and  considering  interference  between 
the  fields  diffracted  from  the  two  ends  of  the  strip.  For  a 
plane  wave  incident  in  the  xy  plane  and  an  observer  located 
at  any  finite  distance  in  the  backscatter  direction,  there  is 
only  one  point  on  the  leading  edge  of  the  strip  and  only  one 
point  cm  the  trailing  edge  that  satisfy  the  law  of 


diffraction  [9].  The  scattering  geometry  is  that  of  Fig.  9 
with  d=63.6  mm,  so  we  expect  the  maxima  in  the  RCS  to 
fall  along  vertical  lines  spaced  according  to  Eqn.  (9)  by 
c/(2d)=2.36  GHz,  close  to  the  2.4  GHz  spacing  seen  in  Fig. 
3. 

We  can  estimate  the  phase  change  associated  with 
diffraction  at  the  leading  end  and  trailing  end  of  the  strip 
using  the  wedge  diffraction  coefficients  given  in  Ref.  [9]. 
Thus  considering  the  ends  of  the  strip  to  be  wedges  of  angle 
zero  degrees,  we  can  evaluate  the  phase  of  the  soft 
diffraction  coefficient  ,  for  backscatter  with  the  angle  of 
incidence  equal  to  the  angle  of  diffraction.  For  the  leading 
end  we  obtain  ai=3?r/4  and  for  the  trailing  end 
a2=-ff/4,  and  so  a2-cci=-n.  Evaluating  Eqn.  (8) 
with  d=63.6  mm  obtains  maxima  at  1.2,  3.5,  5.9,  8.3, 10.6, 
13.0,  15.3  and  17.7  GHz,  quite  close  to  the  values  of  3.4, 
5.8, 8.2, 10.6, 13.0  and  15.4  GHz,  read  from  Fig.  3. 
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Fig.  9  Two  scattering  points  separated  by  distance  d,  showing  the  path  lengths  Lj  and  Lj  • 


If  there  were  no  specular  reflecticxi,  we  would  expect  to  see 
bands  of  maximum  RCS  in  Fig.  3  intersecting  the 
horizontal  axis  at  u  =  ±12  GHz,  separated  by  a  minimum 
at  u=0  (HI  the  vertical  axis.  Specular  reflection  merges 
these  two  bands  into  a  single  wide  band  centered  on  the 
vertical  axis.  It  is  interesting  to  note  in  Fig.  3  that  this 
bright  band  of  specular  reflection  has  a  ccHistant  width  as 
distance  from  the  center  of  the  graph  increases,  that  is,  as 
the  frequency  /  increases.  This  is  ccHisistent  with  the  fact 
that  the  angular  width  Ad  of  a  l()be  due  to  specular 
reflection  is  inversely  prcjpcHticHial  to  the  frequency[9]. 
Ad  oc  1//  .  The  arc  width  of  the  reflection  on  the  polar 

map.  As  =  /Ad ,  becomes  constant  when  Ad  is 
proportional  to  l/f,  and  this  is  clearly  seen  in  Fig.  3. 

2.2  The  Large  Rod 

Fig.  2(b)  shows  a  metallic  rod  of  length  177.8  mm  and 
square  cross-section  of  size  71.1  mm.  The  rod  is  oriented 
with  its  edges  parallel  to  the  cocH'dinate  axes,  and  the  IcHig 
axis  parallel  to  the  x  direction.  The  RCS  was  measured 
with  the  incident  electric  field  hcnizontally  polarized,  that 
is,  with  the  electric  field  vector  parallel  to  the  xy  plane  in 
Fig.  2.  Fig.  4  shows  the  polar  color  map  of  the  RCS  of  the 
rod  in  the  first  quadrant  We  see  a  pattern  of  vertical  dark 
bands  of  minimum  RCS  intersecting  a  pattern  of  hcxizontal 
dark  bands,  with  the  vertical  bands  more  closely  spaced 
than  the  h(Hizontal.  There  is  a  third  set  of  parallel  dark 
bands  oriented  (ibliquely.  The  three  sets  of  dark  bands 
define  a  pattern  of  Inight  dots  of  maximum  RCS.  The 
spacing  of  the  bands  can  be  read  directly  from  the  color 
map  with  the  aid  of  a  ruler,  dividers,  and  a  calculates.  The 
vertical  bands  are  spaced  by  0.842  GHz,  the  hcsizcmtal 
bands  by  2.00  GHz,  and  the  oblique  bands  by  0.776  GHz. 


We  can  understand  the  scattered  field  of  the  rod  as  arising 
from  diffraction  from  the  three  z-directed  edges  exposed  to 
the  plane  wave  for  any  direction  of  incidence.  The 
diffraction  points  on  two  adjacent  edges  spaced  by  the 
length  of  the  rexi  lead  to  a  set  of  equally-spaced  dark 
vertical  bands  of  minimum  RCS  on  the  polar  color  map, 
with  the  expected  spacing  given  by  c/2d  =  300/(2  x  177.8)= 
0.844  GHz,  close  to  the  value  of  0.842  GHz  read  from  Fig. 
4.  The  two  adjacent  edges  spaced  by  the  width  of  the  rod 
give  rise  to  a  set  of  dark  bands  of  RCS  parallel  to  the 
horizontal  axis,  spaced  by  c/2d=300/(2  x  71.1)=2.11  GHz. 
The  third  pair  of  edges  are  diagonally  opposite  one  another, 
and  are  spaced  by  191.5  mm.  These  produce  the  oblique 
set  of  bands,  spaced  by  c/2d=300/(2  x  191.5)=0.783  GHz, 
close  to  the  value  of  0.776  GHz  seen  in  Fig.  4.  The  tilt  of 
this  set  of  bands  is  expected  to  be  at  an  angle  of 
tan”^(177S/7Ll)  =  68  degrees  to  the  horizontal,  and 
agrees  quite  well  with  the  color  map.  The  bright  dots  in  the 
pattern  have  the  same  relative  proportions  as  the  target. 

23  The  Cone  for  Horizontal  Polarization 

The  cone  of  Fig.  2(c)  has  a  half  angle  of  15.26  degrees  and 
the  diameter  of  the  base  is  80.5  mm.  The  long  axis  of  the 
cone  lies  along  the  x  axis,  with  the  tip  pointing  in  the  +x 
direction.  The  cone  length  from  the  tip  to  the  center  of  the 
base  is  147.6  mm,  and  the  “side  length”  from  the  tip  to  the 
edge  of  the  base  is  153.0  mm.  The  RCS  was  measured  with 
hcH'izontal  polarization  from  2  to  18  GHz  over  a  full  360 
degrees  and  is  plotted  as  a  polar  coIch  map  in  Fig.  5.  The 
figure  shows  a  maximum  return  for  6  =  180  degrees,  due 
to  specular  reflection  when  the  plane  wave  is  normally 
incident  on  the  flat  base  of  the  cone.  The  RCS  is  also  large 
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Fig.  10  The  cone-sphere,  showing  the  path  lengths  Lj  and  I2  for  an  incidence  angle  in  the 
second  quadrant 


along  the  bands  oriented  at  ±75  degrees  to  the  positive  x 
axis,  looking  perpendicular  to  the  surface  of  the  cone. 

For  incidence  angles  near  zero  degrees,  the  coIot  map  of 
Fig.  5  shows  a  pattern  of  hcnizcHital  bands  of  maximum  and 
minimum  RCS.  This  arises  from  the  interference  of  the 
edge-diffracted  fields  firtm  two  diametrically-opposite 
points  on  the  edge  of  the  base.  The  two  diffraction  points 
lie  in  the  xy  plane  in  the  coordinates  of  Fig.  2,  and  are 
separated  by  80.5  mm,  hence  we  expect  the  maxima  or  the 
minima  to  be  spaced  by  c/2d=300/(2  x  80.5)= 1.86  GHz. 
The  spacing  of  the  minima  near  0  degrees  in  Fig.  5  can  be 
read  from  the  coIot  map  as  roughly  1.7  GHz,  reasonably 
craisistent  with  the  expected  value.  For  incidence  angles 
greater  than  15  degrees,  the  incident  plane  wave  no  Icmger 
“sees”  the  point  on  the  ccme  base  in  the  -y  half-space,  and 
the  set  of  bands  fades  away. 

At  75  degrees  incidence,  the  direction  of  travel  of  the  plane 
wave  is  normal  to  the  surface  of  the  cone  and  there  is  a 
strong  specular  return.  Fot  angles  between  about  50  and  90 
degrees.  Fig.  5  shows  a  set  of  parallel  bands  of  maximum 
RCS,  parallel  to  the  strcmg  return  at  75  degrees.  From 
these  incidence  angles  there  is  interference  in  the 
backscatter  directicm  between  the  dif&acted  field  from  the 
nearest  point  on  the  edge  of  the  base  and  the  dif&acted  field 
from  the  tip.  These  points  are  separated  by  the  cone's  side 
length  of  153  mm  and  so  we  expect  the  minima  to  be 
spaced  by  c/2d  =  300/(2  x  153)=0.98  GHz.  A  ruler  and 
dividers  can  be  used  to  estimate  the  spacing  of  these 
minima  in  Fig.  5  as  about  1.03  GHz,  consistent  with  our 
expectations. 


For  incidence  angles  between  90  and  165  degrees,  the 
incident  plane  wave  sees  the  tip  plus  the  two  diffraction 
points  on  the  edge  of  the  base.  These  three  scattering 
points  lead  to  three  sets  of  intersecting  dark  bands  of 
minimum  RCS.  Diffraction  from  the  two  points  on  the 
edge  gives  rise  to  a  continuation  of  the  set  of  horizcmtal 
bands  spaced  by  1.86  GHz  that  is  seen  between  0  and  15 
degrees  incidence.  There  are  two  pairs  consisting  of  the  tip 
plus  one  of  the  two  diffraction  points  on  the  edge. 
Diffraction  from  the  tip  plus  the  scattoing  point  (mi  the 
edge  in  the  +y  half-space  gives  rise  to  a  set  of  parallel 
bands  tilted  at  an  angle  of  about  15  degrees  from  the 
vatical  directicm  toward  the  positive  hOTizraital  axis  in  the 
color  map.  This  set  of  d^k  bands  is  parallel  to  the 
direction  of  the  large  return  at  about  75  degrees  and  is 
clearly  seen  in  the  90  to  165  degree  angular  sector.  The  tip 
plus  the  diffraction  point  on  the  base  in  the  -y  half-space 
produces  a  set  of  parallel  bands  inclined  at  15  degrees  from 
the  vertical  direction  toward  the  negative  hcaizontal  axis, 
and  is  also  clearly  seen  in  the  color  map.  The  spacing  of 
the  oblique  bands  can  be  read  from  Fig.  5  as  about  1  GHz, 
close  to  the  expected  value  of  0.98  GHz.  The  three  sets  of 
intersecting  dark  bands  in  Fig.  5  define  a  pattern  of  bright 
dots  of  maximum  RCS  similar  to  that  of  the  rod  in  Fig.  4. 
Fot  incidence  angles  between  165  and  195  degrees,  the  tip 
is  not  seen,  as  it  lies  in  the  shadow  of  the  base.  The  dot 
pattOTn  is  replaced  by  the  pattern  of  hOTizontal  bands 
associated  with  scattering  from  the  two  diffraction  points 
on  the  edge. 
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3.  INTERFERENCE  OF  A  SPHERE  -k{L,-L.)+{a2-ai)^-K-l7m 

REFLECTION  AND  A  TIP  DIFFRACTION 


...(11) 


The  cone-sphere  of  Fig.  10  illustrates  interference  between 
reflection  frcnn  the  spherical  endcap  and  diffracticm  from 
the  tip.  The  cone-^here  is  miented  with  its  axis  al(Hig  the 
x-axis.  There  is  no  edge  at  the  juncticHi  of  the  cone  and  the 
spherical  endcap,  that  is,  the  unit-nramal  to  the  surface  is 
continuous  in  passing  from  the  sur&ce  of  the  cone  to  the 
surface  of  the  sphere.  In  Fig.  10,  a  plane  wave  incident  on 
the  OMie-sphere  in  the  angular  range  (90-7)  <6 

<  (180-7)  sees  both  the  surface  of  the  sphere  and  the  tip 
of  the  ccHie.  The  difference  between  the  round-trip  distance 
Lj  from  the  observo-  to  the  sphere  back  to  the  observer, 
and  I2  from  the  observer  to  the  tip  and  back,  is 


hence  the  RCS  is  a  minimum  when 


/  = 


— -L__L  ,  ic+a^-aA 
2(R-dcos0)l,  2n  J 


...(12) 


where  aj  is  the  phase  change  associated  with  the  reflection 
from  the  surface  of  the  sphere,  anda2  with  the  diffraction 
process  at  the  tip  of  the  cone.  Eqn.  (12)  defines  a  set  of 
hyperbolas[13]  having  their  majcff  axes  aligned  with  the 
hwizontal  axis,  such  as  those  shown  in  Fig.  11.  It  may  be 
shown  that  the  crossing  points  of  the  hyperbolas  with  the 
negative  horizontal  axis  are  given  by 


i^-Z^  =2(R-dcos0) 


.(10) 


M-  =- 


2{d  +  R) 


n  + 


n  +  a^  -tti 
27t 


..(13) 


The  curves  of  minimum  RCS  satisfy 
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Ifence  the  CTOSsings  (rf  the  negative  u  axis  are  evenly  spaced 
with  the  spacing  given  by 


Au  = 


c 

2{d+R) 


.(14) 


The  spacing  of  the  crossing  points  provides  a  convenient 
comparison  with  the  measured  RCS. 

3.1  The  Cone-Sphere 


The  metallic  ame-sphere  of  Fig.  2(d)  has  a  half-angle  of 
y  =19.7  degrees,  and  an  overall  length  ofL=50.1  mm.  The 
diamet^  of  the  sphere  is  25.3  mm.  TTie  distance  from  the 
cent^  of  the  ^h^e  to  the  tip  of  the  cone  is  d=37.45  mm. 
The  RCS  was  measured  with  hcsrizontal  polarization  frOTi  2 
to  18  GHz  ovCT  an  angular  range  frtMn  -30  to  210  degrees 
as  shown  in  Fig.  6.  The  map  shows  a  strcmg  reflection  at 
an  incidrace  angle  of  70  degrees,  lodking  normal  to  the 
cone  surface.  Also  there  is  strong  reflection  from  about  160 
to  200  degrees,  looking  nwmal  to  the  surface  of  the  sphere, 
over  the  angular  range  where  the  tip  of  the  cme  is  not 
visible.  In  the  left-hand  plane  in  Fig.  6  th^e  is  a  set  of  five 
sharp  bands  of  minimum  RCS,  separated  by  teoad  regions 
of  large  RCS. 

Fig.  11  shows  the  set  of  hyperbolas  of  minimum  RCS 
specified  by  Eqn.  (12)  fca-  the  c(Mie-q)here  dimensions  of 
R=  12.65  mm  and  d=37.45  mm.  In  Fig.  11  the  radial  axis 
craresponds  to  Fig.  6,  with  zero  frequaicy  at  the  center,  2 
GHz  at  the  inner  circle,  and  18  GHz  at  the  outCT.  We 
expect  the  reflectitMi  fr(»n  the  sphere  surface  to  have  a 
phase  change  of  ai=ff.  The  phase  change  associated 
with  the  tip  dififracticm  is  more  difficult  to  estimate,  and 
was  simply  made  equal  to  zcto,  02=0.  COTiparing  Figs. 
6  and  11  we  see  that  the  dark  bands  of  minimum  RCS  in 
Fig.  6  have  the  same  shape  as  the  hyperbolas  of  Fig.  11. 
There  are  five  hyperbolas  in  Fig.  6,  and  five  in  Fig.  11,  in 
the  negative-M  half-space.  In  Fig.  6,  only  segments  of  the 
hyperbolas  are  seen.  Fot  0  <  70  degrees  the  surface  of  the 
cone  hides  the  sur&ce  of  the  sphere,  and  so  there  is  no 
reflection  and  the  hyperbolas  are  not  framed.  From  0  =160 
to  200  degrees,  the  tip  of  the  cone  is  not  visible  and  so  the 
segments  of  the  hyperbolas  that  cross  the  horizOTtal  axis 
are  not  seen.  By  smoothly  joining  the  pOTtions  of  the 
hyperbolas  in  the  negative  half-space  with  those  in  the 
positive,  we  can  estimate  the  spacing  of  the  zero  crossings 
as  about  2.9  GHz,  in  reasonable  agreement  with  the  spacing 
of  3.0  GHz  predicted  by  Eqn.  (14). 


the  RCS  at  18  GHz  occur  at  about  82,  93, 106, 120  and  138 
degrees.  In  Fig.  11,  these  crossings  fall  at  83,  96,  109, 124 
and  141  degrees.  The  alignment  of  the  hyperbolas 
predicted  by  our  simple  interference  theOTy  with  those  in 
the  measured  RCS  is  quite  good,  especially  considering  that 
the  phase  change  02  associated  with  diffraction  at  the  tip 
of  the  cone  was  simply  set  to  zero.  If  we  use  O2  =  -45 
degrees,  then  the  minima  at  18  GHz  fall  at  82, 95, 108, 122 
and  138  degrees,  in  better  agreement  with  the 
measurement,  and  so  the  phase  change  associated  with  tip 
diffraction  must  be  closer  to  -45  degrees  than  to  0  degrees. 


4.  INTERFERENCE  OF  AN  EDGE  WAVE  AND 
AN  EDGE  DIFFRACTION 

To  analyze  the  polar  coIot  maps  of  scattering  from  the  thick 
disk  and  the  small  cone  of  Fig.  2  parts  (e)  and  (f),  it  is 
useful  to  consider  a  wave  which  travels  around  the  edge  of 
the  target,  called  an  “edge  wave”[14].  Fig.  12  shows  a  thin 
disk  in  the  yz  plane,  with  a  plane  wave  incident  nearly 
edge-on  to  the  didc.  The  wave  diffracts  from  the  nearest 
point  on  the  disk  edge,  with  path  length  Lj .  The  wave  also 
diffracts  from  the  disk  edge  at  a  point  diametrically 
opposite,  but  the  path  is  not  shown  in  Fig.  12.  In  addition, 
the  wave  couples  to  the  edge  of  the  disk  and  becomes  an 
“edge  wave”,  which  travels  around  the  edge,  shedding 
energy  tangentially  as  it  goes.  After  traveling  a  distance  of 
tiR  around  the  edge,  the  edge  wave  launches  some  of  its 
energy  in  the  backscatter  direction.  We  will  show  that 
interference  between  the  two  scattered  fields  shown  in  Fig. 
12  creates  a  pattern  of  ellipses. 

4.1  Interference  Analysis 

Fig.  12  compares  the  path  lengths  Lj  traveled  by  the  wave 
diffracted  from  the  edge  of  the  disk,  and  traveled  by  the 

wave  that  couples  to  the  edge  and  follows  it  around  a 
semicircle.  Fot  0  <  0  <  180  degrees,  the  difference  in  path 
length  is 

Z^-Li  =  nR-t-2/?sin0  ...(15) 

Assuming  the  wave  travels  around  the  edge  with  the  same 
phase  constant  as  in  free  space,  these  waves  will  be  180 
degrees  out  of  phase  in  the  backscatter  direction  when  Eqn. 
(15)  is  satisfied,  leading  to  curves  of  minimum  RCS  which 
satisfy 


Another  comparison  of  the  position  of  the  hyperbolas  in  y-  ^  ...(16) 

Figs.  6  and  11  can  be  made  by  reading  the  angles  at  which  (;r+2sin0)/?  I,  2n  ) 

they  cross  the  18  GHz  circle.  Thus  in  Fig.  6,  the  minima  in 
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Fig.  12  A  thin  disk,  showing  diffiraction  from  the  edge  with  path  length  Lj ,  and  scattering 
by  an  edge  wave  which  travels  around  the  edge  of  the  disk,  with  path  length  . 


where  n-O,  +-1,  +-2,  ....  Angles  ttj  and  02  are  phase 
changes  associated  with  the  scattering  process  for  the  edge- 
diffracted  wave  and  for  the  wave  that  travels  around  the 
edge.  For  18O<0<36O  degrees,  we  must  use  the 
diffracticHi  point  diametrically  q)posite  on  the  edge,  hence 
=n#?-2/?sin0,  and  the  curves  of  minimum  RCS 

satisfy 


(;r-2sin0)J? 


+«-)  -a 


...(17) 


Equations  (16)  and  (17)  can  generate  both  positive  and 
negative  frequwtcies,  dq)ending  on  the  values  of  n,  aj  and 

(X2,  but  only  the  positive  frequencies  are  physically 
meaningful. 


Eqn.  (17)  leads  to  the  set  of  ellipses  shown  with  solid 
curves  in  the  lower  half-space  in  Fig.  13. 

In  Fig.  13,  the  points  at  which  the  ellipses  ctoss  the  vertical 
axis  have  been  labeled  Vj ,  Vj ,  and  so  forth.  Eqn.  (16)  is 

easily  evaluated  with  0  =  90  degrees  to  show  that  if  aj 
and  a2  are  independent  of  the  fi'equency,  then  the  pacing 
of  the  crossing  points  is  uniform  and  is  given  by 


Av  =  v„+i-v, 


c 

{n+2)R 


...(18) 


The  thick  disk  of  Fig.  2(e)  and  the  cone  of  Fig.  2(f),  with  its 
circular-disk  base,  will  be  used  to  illustrate  ellipses  in  RCS 
polar  color  maps. 


Each  of  Equatitms  (16)  and  (17)  represents  a  family  of 
ellipses,  with  the  major  axis  aligned  along  the  vertical  axis 
and  one  focus  at  the  OTigin[13].  To  illustrate  interf^ence 
ellipses  that  arise  due  to  the  edge  wave,  these  equations 
were  graphed  using  the  radius  of  the  base  of  the  small  cone 
of  Fig.  2(f),  /?=29.8/2=14.9  mm,  and  using  =  135 
degrees,  and  02  =  -136  degrees  as  explained  below.  The 
set  of  ellipses  so  obtained  is  shown  in  Fig.  13.  Eqn.  (16) 
leads  to  positive  and  native  frequencies  depending  on  n 
and  on  aj  ;  tmly  those  ellipses  having  positive 
frequencies  are  graphed  in  Fig.  13.  The  ellipses  of  Eqn. 
(16)  were  drawn  using  solid  curves  in  the  upper  half-^ace 
where  Eqn.  (15)  holds;  dashed  curves  WCTe  used  in  the 
lower  half-q)ace  to  show  the  wientation  of  the  major  axis. 


4.2  The  Thick  Disk 

The  disk  of  Fig.  2(e)  demonstrates  the  edge  wave  for 
vertical  polarizaticxi,  and  its  absence  for  horizontal 
polarization.  The  disk  is  metallic,  of  radius  /?=50.45  mm 
and  thickness  20.4  mm.  The  disk  was  <«iented  so  that  its 
flat  faces  lie  parallel  to  the  yz  plane.  The  RCS  was 
measured  fw  both  horiztmtal  polarization.  Fig.  7(a),  and 
vertical  polarization,  Hg.  7(b),  fr(Mn  2  to  18  GHz.  There 
are  strong  similarities  between  the  two  cases.  In  both  cases 
specular  reflection  from  the  face  of  the  disk  obtains  a  very 
strong  RCS  at  0  =  0  degrees.  In  both  parts  of  Fig.  7  there 
is  a  set  of  bands  of  maximum  and  of  minimum  RCS 
parallel  to  the  horizontal  axis  near  0  =  0  degrees.  But 
near  0  =  -9O  degrees,  which  is  edge-on  incidence  to  the 
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Fig.  13  Ellipses  of  minimum  RCS  for  the  small  cone. 


rfisk,  the  two  cases  are  significantly  different.  For 
horizontal  polarization  the  pattern  of  parallel  straight  bands 
continues  fi-cun  0  =  0  to  0  =  -9O  degrees.  However,  for 
vertical  polarization,  part  (b),  the  set  of  maxima  and 
minima  near  6  =  -90  degrees  have  substantial  curvature. 
These  appear  to  be  segments  of  ellipses. 

The  set  of  horizontal  bands  near  0  =  0  degrees  for  both 
polarizatirais  arise  due  to  diffraction  firom  two 
diametrically-c^posite  points  on  the  edge  of  the  disk,  where 
the  disk  intersects  the  xy  plane.  These  points  are  spaced  by 
the  disk  diameter  of  d=2R=100.9  mm,  and  Eqn.  (9) 
predicts  the  band  spacing  to  be  c/(2d)=300/(2  x  100.9)= 
1.49  GHz.  Far  hOTizontal  polarization  in  Fig.  7(a),  the 
spacing  can  be  read  fi-om  the  figure  as  1.46  GHz,  close  to 
the  expected  value.  For  haizoital  polarization,  this 
pattern  of  horizontal  bands  ccmtinues  with  the  same 
spacing  throughout  the  whole  coIot  map.  The  pattern  is 
clearly  seen  alaig  the  0  =  -90  degrees  direction  from  2  to 
about  9  GHz,  but  the  RCS  tends  to  become  flat  for  0  =  -90 
above  9  GHz.  Nae  that  there  are  two  vertically-oriented 


dark  bands,  at  7.5  and  15  GHz.  These  arise  due  to  the 
thickness  of  the  disk.  In  addition  to  the  two  diffraction 
points  on  the  front  edge  of  the  disk,  there  is  a  third 
diffractioi  point  on  the  back  edge.  For  the  pair  of  points 
sqjarated  by  the  disk  thickness,  we  expect  an  intaference 
patton  of  vertical  bands  spaced  by  cl2d=  300  /  (2  x  20.4 )  = 
7.35  GHz,  coresponding  to  the  vCTtical  dark  bands  seen  at 
about  7.5  and  15  GHz  in  Fig.  7(a). 

For  vertical  polarization  in  Fig.  7(b),  we  see  the  parallel 
horizontal  bands  expected  near  0  =  0.  Near  9  =  -90 
degrees,  the  edge  wave  mechanism  dominates,  and  we  see  a 
famUy  of  ellipses.  We  can  read  the  spacing  of  the  ellipses 
from  Fig.  7(b)  to  be  about  1.14  GHz,  closer  than  the  1.46 
GHz  spacing  of  the  pattern  of  hwizontal  bands  in  part  (a) 
of  the  figure.  The  edge  wave  model  predicts  ellipses  that 
cross  the  vertical  axis  with  a  spacing  given  by  Eqn.  (18)  of 
c/((jr+2)R)  =  300/((;r+2)x50.45)  =  L16  GHz,  about 
equal  to  the  value  read  from  Fig.  7(b). 
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The  patt^  of  ellipses  is  of  greater  angular  extent  at  the 
low  end  of  the  frequency  band,  being  visible  from  6  =  -90 
degrees  to  angles  of  -30  or  even  -20  degrees.  As  the 
frequency  increases,  the  angular  extent  of  the  pattern 
diminishes,  so  that  near  18  GHz  the  pattern  is  clearly  seen 
only  fOT  -lO5<0<-75  degrees,  15  degrees  away  from 
edge-<Mi  incidence.  The  pattern  of  ellipses  has  an  almost 
constant  arc-length,  and  is  reminiscent  of  the  constant 
width  of  the  teight  band  associated  with  q)ecular  reflection, 
discussed  above  in  conjunctimi  with  scattering  from  the 
strip. 

The  pattern  of  ellipses  is  sharp  along  6  =  -90  degrees  frtMn 
2  to  about  6  GHz,  but  becomes  increasingly  blurred  as  the 
frequency  approaches  18  GHz.  The  edge  wave  mechanism 
is  quite  frequency  dep^dent,  with  the  wave  shedding  mcffe 
of  its  energy  as  it  travels  around  the  edge  at  higher 
frequencies.  Hence  at  higher  frequencies  the  wave  has  less 
energy  to  scatter  back  in  the  direction  of  the  incident  wave, 
and  the  interference  pattern  is  less  distinct 

4  J  The  Cone  for  Vertical  Polarization 

The  small  metallic  ame  in  Fig.  2(f)  has  half-angle  39.85 
degrees,  base  diameto-  29.8  mm,  and  length  17.85  mm. 
The  cone  was  positioned  with  its  main  axis  on  the  x  axis. 
In  this  (Bientation  the  base  of  the  ccme  lies  in  a  yz  plane. 
The  RCS  was  measured  with  the  incident  wave  vertically 
polarized,  from  2  to  18  GHz,  and  is  shown  in  Fig.  8.  There 
is  a  strong  specular  reflection  around  0  =  180  degrees, 
when  the  wave  is  normally  incident  <mi  the  cone’s  base. 
There  is  also  a  weaker  specular  reflection  from  the  curved 
surface  of  the  cone,  near  0  =  50  degrees.  The  pattern  of 
light  and  dark  bands  between  0  =  70  degrees  and  0  =  130 
degrees  have  the  elliptical  shape  characteristic  of  edge  wave 
scattering. 

We  might  expect  to  see  a  patton  of  horizcmtal  bands  near 
0  =  180  degrees,  due  to  interferoice  of  the  fields  diffracted 
from  two  diametrically  opposite  points  cm  the  cone’s  edge. 
The  expected  spacing  would  be  cl{2d)  =  300  /  (  2  x  29.8 )  = 
5.0  GHz.  There  is  a  hint  of  dark  hcHizontal  bands  of 
minimum  RCS  intersecting  the  18  GHz  out^  circle  at 
about  140  degrees  and  at  about  160  degrees  and  2(X) 
degrees,  but  the  target  is  too  small  to  produce  a  clear 
pattern.  The  spacing  is  about  5  GHz  as  expected. 

To  ccHnpare  the  location  of  the  measured  ellipses  of 
minimum  RCS  in  Fig.  8  with  those  predicted  by  our  simple 
interf^ence  theory  and  Eqn.  (18),  Fig.  13  was  drawn  using 
the  small  cone’s  base  radius  of  14.9  mm.  The  phase  change 
associated  with  diffraction  frOTi  the  edge  was  estimat^ 
using  the  “soft”  diffracticm  coefficient^],  Z), ,  for  a  straight 
edge  with  a  wedge  of  angle  50  degrees,  and  incidence  at 


0  =  90  degrees,  to  obtain  =  135  degrees.  The  phase 

change  associated  with  the  edge  wave  was  estimated  using 
the  thin  disk  expression  given  by  Eqn.  (14)  in  Ref.  [14]. 
This  equaticHi  includes  the  phase  change  of  -kTiR 
associated  with  the  distance  traveled  by  the  edge  wave.  In 
addition  to  some  phase  terms  that  are  constant  with 
frequency,  there  is  a  phase  change  associated  with  -UiJiR , 
where[14] 

a  =  a,  +  jtti  =  . .  .(19) 

Thus  the  phase  change  associated  with  the  edge  wave,  a2 , 
is  not  (XHistant  with  frequency,  but  instead  includes  a  term 
proportional  to  Eqn.  (14)  in  Ref.  [14]  was  evaluated 
for  the  cone’s  base  radius  of  14.9  mm.  It  was  found  that 
02  varies  from  -154  degrees  at  2  GHz  to  -112  degrees  at 

18  GHz;  a  representative  value  of  -136  degrees  was  chosen 
to  plot  Fig.  13. 

Fig.  13  shows  the  curves  of  minimum  RCS  expected  for  the 
small  cone,  plotted  from  2  GHz  at  the  inner  circle  to  18 
GHz  at  the  outer.  The  curves  in  Fig.  13  are  quite  similar  to 
the  dark  bands  of  minimum  RCS  seen  in  Fig.  8,  from  about 
70  to  about  130  degrees.  The  expected  curves  in  Fig.  13 
cross  the  vertical  axis  at  2.9, 6.9, 10.8  and  14.7  GHz.  This 
corresponds  quite  well  to  the  frequencies  where  the  dark 
bands  ctoss  the  vertical  axis  in  Fig.  8,  of  about  6.3,  10.5 
and  14.4  GHz.  The  curve  expected  at  2.9  GHz  is  not  seen 
in  Fig.  8. 

Another  example  of  edge  wave  scattering  can  be  seen  in 
Fig.  5(a)  of  Ref.  [8].  The  figure  shows  a  polar  color  map 
fOT  the  RCS  with  vertical  polarization  of  a  large  right- 
circular  cone  of  base  diameter  83.6  mm,  length  50.0  mm, 
and  half  angle  40  degrees.  The  base  diameter  is  much 
larger  than  that  of  the  29.8  mm  cone  used  for  Fig.  8,  and 
comparable  in  size  to  the  thick  disk  discussed  above.  The 
polar  color  map  in  Ref.  [8]  Fig.  5(a)  shows  a  striking 
pattern  of  ellipses  between  0  =  60  degrees  and  140  degrees. 
There  are  11  maxima  along  the  vertical  axis,  spaced  about 
1.45  GHz  apart.  This  agrees  reasonably  well  with  Eqn. 
(18),  which  predicts  a  spacing  of  1.40  GHz. 


5.  CONCLUSION 

This  paper  presented  the  measured  RCS  of  six  simple 
targets  as  a  color  map  in  polar  coOTdinates.  Such  “polar 
color  maps”  show  striking  patterns  of  bright  and  dark 
bands.  In  each  angular  range,  these  patterns  arise  due  to 
interference  between  two  or  three  scattered  waves:  two  or 
three  edge  diffi'actions;  two  edge  diffractions  plus  a  tip 
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diffraction;  a  reflectiCHi  plus  a  tip  diffracticxi;  or  an  edge 
diffracti(»i  plus  an  edge  wave.  The  identification  of 
primary  scattering  mechanisms  by  recognizing  patt^s  on 
polar  coIot  maps  provides  the  RCS  specialist  with  an 
effective  diagnostic  and  educational  tool. 

Not  discussed  in  this  pap^  is  the  effect  of  target 
restmance[15]  in  a  polar  coIot  map.  The  resonant 
frequencies  of  a  structure  are  independent  of  the  angle  of 
incidence  of  the  plane  wave,  hence  give  rise  to  RCS 
maxima  and  minima  at  constant  radius  chi  a  polar  color 
map.  HowevCT,  the  degree  to  which  the  resonance  is 
excited  does  depend  on  the  angle  of  incidence.  Hence, 
resonance  on  a  polar  colw  map  leads  to  circles  whose 
intensity  varies  with  incidence  angle.  Fig.  8  in  Ref.  [8] 
shows  the  RCS  of  a  rod  with  an  attached  wire;  the  wire  is 
resonant  when  its  length  is  approximately  equal  to  odd 
multiples  of  the  quarter-wavelength.  The  coIot  map  clearly 
shows  resonance  circles. 

RCS  data  as  a  function  of  frequency  and  of  incidence  angle 
are  often  used  with  two-dimensicmal  signal  processing 
techniques  to  draw  a  rectangular-ftxmat  colon'  contour  map 
of  the  intensity  of  the  return  as  a  function  of  distance, 
down-range  and  cross-range[16].  Such  maps  show  strong 
returns  fronn  localized  scatt^ng  sources  such  as  the  ■wing- 
tips  of  an  aircraft,  and  the  resulting  images  bear  a  shadowy 
resemblance  to  the  target.  The  techniques  presented  here 
may  be  complementary  in  that  specific  scattering 
mechanisms  not  associated  with  point-source  scattering  are 
readily  identified. 

Methcxls  and  computer  codes  in  computational 
electromagnetics  become  established  as  useful  analysis 
tools  by  “code  validatiom”:  the  building  of  an  “experience 
base”  of  problans  solved  and  compared  with  reference 
data.  The  coHiclusioxis  olrawn  from  code  validation  should 
be  stated  as  “moxieling  guidelines”[17]  which  provide  rules- 
of-thumb  fix'  coHistructing  a  model  for  solution  by  that 
computatioHial  method,  and  specify  geometrical  restrictions 
on  the  input  geometry  which  respect  the  limitations  om  the 
valioiity  of  the  CEM  code.  The  usefulness  of  a  CEM  coxle 
foM'  solving  a  new  problem,  po'haps  by  an  inexpert  user,  is 
clt)sely  related  to  the  qu^ity  and  explicimess  of  the 
associated  mo)deling  guidelines. 

Modeling  guidelines  are  best  develt5)ed  by  comparing 
computations  with  measurements  as  a  function  of  frequency 
over  a  wide  range,  as  well  as  by  examining  individual 
radiatiom  or  scattmng  patterns  at  single  frequencies. 
Although  calculating  the  RCS  as  a  function  of  both 
frequency  and  incidence  angle  is  a  massive  computation, 
comparing  measured  and  computed  polar  coloff  maps  of  the 
RCS  provides  a  comprehensive  evaluation  of  the 
performance  of  a  computer  coxle  for  a  given  problem,  and 


may  be  useful  foir  formulating  moxieling  guidelines.  This 
papCT  has  related  features  on  a  polar  color  map,  such  as 
lines,  hyperbolas,  and  ellipses,  to  the  scattering 
mechanisms  of  the  target,  and  may  provide  insight  into  the 
cause  of  features  seen  off  missing  from  computed  RCS  maps 
compared  to  the  measured  RCS. 

Our  own  coide  valiolation  stuoiies  have  compared 
computations  of  the  monostatic  RCS  with  o)ur 
measurements[5,6,15,18].  It  was  nomd  above  that  the 
differences  in  the  computed  and  measured  RCS  are  largest 
in  the  sharp,  deep  minima,  and  that  this  is  expected  due  to 
the  measurement  geometry.  Because  our  scattered  field 
measurements  are  bistatic,  and  are  made  at  a  finite  range 
from  the  hwns,  our  data  is  most  valuable  fOT  code 
validation  when  the  scattered  field  due  to  a  point  source  is 
computed  at  the  location  of  the  receive  ham  in  Fig.  1. 
Simulating  the  measurement  setup  explicitly  in  the 
computation,  rather  than  computing  l^ckscattered  field  due 
to  plane  wave  incidence,  removes  the  geometry  oror  as  a 
source  of  difference  in  comparing  the  measuranent  and  the 
computation. 

Our  data  base  contains  the  measured  RCS  and  the  phase  of 
the  scattered  field  fa  a  wide  variety  of  metallic  and 
dielectric  targets[7].  Some  targets  are  small  enough  to  be 
studied  by  moment  methods,  by  the  multiple  multipole 
method,  or  by  the  finite-difference  time-domain  method. 
Others  are  so  large  that  ray-tracing  would  be  the  natural 
approach.  This  extensive  data  presents  a  challenge  to  the 
computational  electrcxnagnetics  community  for  code 
validation.  Our  measured  data,  and  the  associated  plotting 
software,  POLPLOT  and  oUict  programs,  are  freely 
available  to  the  community  and  can  be  fetched  by  ftp  from 
“lucas.incen.doc.ca”,  ot  by  referring  to  our  world-wide-web 
page  “http://lucas.incen.doc.ca/rcs.htmr’. 
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Abstract  -  Generalized  impedance  formulas 
for  non-uniform  array  configurations  based  on 
the  Improved  Circuit  Theory  (ICT)  are  presented 
for  the  first  time  in  an  English  text.  To  fur¬ 
ther  enhance  the  ICT  as  an  accurate  and  fast 
method  for  evaluations,  a  new  and  more  com¬ 
pact  closed-form  formula  is  derived  to  replace 
a  function  requiring  time  intensive  numerical 
integration  during  the  implementation  of  the 
ICT  algorithm  in  co-planar  dipole  array  an¬ 
tenna  evaluations.  The  resulting  ICT  com¬ 
putational  scheme  reduces  the  required  CPU 
time  by  a  factor  of  two  and  has  the  same  or¬ 
der  of  accuracy  as  the  conventional  MoM.  The 
new  ICT  implementation  would  be  of  consid¬ 
erable  use  as  a  Computer  Aided  Design  (  CAD) 
tool  of  co-planar  dipole  array  antennas. 

I.  Introduction 

The  Improved  Circuit  Theory  (ICT),  which  was  first 
published  in  1969  [1],  is  still  an  attractive  analytical 
method  for  multielement  dipole  antenna  evaluations. 
It  was  originally  developed  from  the  understanding 
that  the  classical  EMF  method,  which  had  been  used 
for  decades,  included  several  inconsistencies.  Clas¬ 
sical  EMF  theory  assumes  the  current  distribution 
is  independent  of  the  combinations  of  the  driving 
voltages,  that  the  self-impedances  are  not  affected 
by  the  presence  of  other  elements,  and  that  the  mu¬ 
tual  impedances  of  elements  are  determined  by  the 
related  two  elements  only  [2].  The  expression  of  the 
input  impedance  obtained  by  the  EMF  method  co¬ 
incides  with  that  of  the  method  of  variations,  which 
is  the  reason  why  the  results  are  satisfactory  for  sit¬ 
uations  [3]  where  the  antenna  length  is  about  a  half 
wavelength  for  which  the  current  distribution  is  well 
expressed  as  a  simple  sinusoidal  function.  The  idea 
of  the  ICT  was  to  introduce  a  second  function  for 


the  current  distribution  in  the  variational  method  to 
improve  the  EMF  method.  The  ICT  method  exe¬ 
cuted  this  by  employing  King’s  [4]  two  term  current 
expression.  But,  it  is  surprising  that  only  one  ad¬ 
ditional  current  function  in  the  EMF  method  made 
the  ICT  method  an  accurate  analytical  method  com¬ 
pared  to  MoM.  This  later  turned  out  to  correspond  to 
the  Galerkin’s  method  applied  in  the  implementation 
of  the  MoM. 

An  important  feature  of  the  ICT  method  is  that 
it  excludes  all  the  above  inconsistencies  of  the  EMF 
method,  and  achieves  an  accurate  evaluation  scheme 
for  the  impedance  and  other  important  antenna  pa¬ 
rameters  like  the  gain  and  far-field  radiation  patterns. 

The  ICT  method  has  considerable  advantages  over 
other  conventional  methods  of  evaluating  antenna.s 
such  as  the  MoM.  It  has  been  empirically  known  that 
the  required  CPU  time  is  less  than  that  in  a  standard 
MoM  by  a  factor  of  more  than  ten.  For  certain  appli¬ 
cations,  run  time  is  important.  Our  task  in  this  paper 
is  to  acMeve  this  optimization  using  an  improved  ICT 
method  in  co-planar  dipole  array  analysis. 

The  presentation  of  the  rest  of  the  paper  follows. 
Section  II  discusses  the  essentials  of  the  ICT  method 
which  includes  the  presentation  of  the  generalized  in¬ 
put  impedance  formulas  for  any  arbitrary  array  con¬ 
figuration  based  on  the  ICT  theory  for  the  first  time 
in  English  text.  The  main  advantages  of  the  ICT 
method  compared  to  other  conventional  methods  like 
the  classical  EMF  and  MoM  methods  are  also  dis¬ 
cussed  in  this  section.  Section  III  discusses  the  ap¬ 
plication  of  the  ICT  method  and  points  out  the  im¬ 
portance  of  an  optimum  running  time  in  an  antenna 
CAD  tool.  Section  IV  considers  the  optimization 
of  the  CPU  time  by  replacing  a  function  requiring 
time  intensive  numerical  integration  with  an  approx¬ 
imate  but  accurate  closed-form  equivalent.  Section 
V  demonstrates  the  accuracy  and  the  reduction  in 
the  CPU  time  with  case  studies  of  array  systems  us- 
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ing  the  ICT  method  with  the  numerical  integration 
and  closed-formed  schemes  compared  with  the  con¬ 
ventional  MoM  method.  Section  VI  states  the  con¬ 
clusion  followed  by  an  appendix  in  Section  VII  where 
details  of  the  main  formulas  are  given. 


II.  Essentials  of  ICT  Method 

Figure  1  shows  a  general  antenna  system  which  can 
be  analyzed  by  the  ICT.  This  include  arrays  with 
elements  of  different  lengths,  spacing  and  radii  which 


*2 


Figure  1:  Dipole  Antenna  Array  of  Non-uniform  Ge¬ 
ometry. 


are  symmetrical  with  respect  to  the  x-y  plane  with 
feeds  on  a  common  plane  such  as  in  Yagi-Uda  and 
log-periodic  dipole  arrays. 

Before  the  advent  of  modern  computers  and  the 
possibility  of  versatile  numerical  methods  like  MoM, 
a  common  conventional  method  of  analyzing  such 
arrays  for  various  antenna  parameters  was  by  the 
EMF  method.  The  EMF  method  makes  assumptions 
which  lead  to  inaccuracies  especially  for  non-resonant 
dipole  antenna  lengths  [2].  However,  the  variational 
characteristics  of  the  impedance  of  the  EMF  allows 
us  to  treat  such  a  system  as  a  variational  problem. 
This  is  because  the  impedance  expression  in  terms 
of  current  distribution  by  EMF  coincides  with  the 
variational  expression  except  for  the  definition  of  the 
inner  product.  The  inner  product  takes  the  complex 
conjugate  form  in  EMF  while  it  takes  the  direct  sym¬ 
metric  product  form  in  the  variational  method  [10]. 

For  resonant  dipoles  the  current  functions  are  ap¬ 
proximated  by  real  functions,  and  the  two  forms  coin¬ 
cide  with  each  other.  Thus,  if  the  N  element  system 
in  Fig.  1  is  regarded  as  a  variational  problem,  the  ex¬ 
pression  of  the  current  function  Ii{zi)  adopted  from 


the  Ritz  method  is  [1] 

M 

=  /i(0)  =  l,  (i  =  i,2,---,Ar), 

/=! 

(1) 

The  ICT  uses  the  two-term  current  function  repre¬ 
sented  &s  M  =  2  given  as 


=  smk{hi-\zi\) 

fh^i)  =  1  -  cosfc(hi  -  |2,|).  (2) 

Based  on  this  current  function,  the  ICT  circuit 
equation  for  the  system  in  Fig.  1  is  given  as  [1] 

=  (f  =  i.2),  (3) 

m=l 


where  the  iV  X  1  matrices  [V]  and  [i™]  are  the  in¬ 
put  voltage  and  current  respectively  and  is  the 

generalized  impedance  matrix  of  order  N  x  N  whose 
details  are  given  in  Section  VILA  of  the  appendix. 
The  ICT  circuit  equation  as  defined  in  Eq.  (3)  is  a 
considerable  improvement  over  the  EMF  method  for 
the  evaluation  of  multielement  antennas. 

It  is  important  to  note  that  in  the  ICT  method, 
the  use  of  the  current  functions  in  Eq.  (2)  makes  it 
possible  to  express  the  far-held  radiation  patterns  in 
closed-form  as  [8] 


=  (4) 

t=l  m=l 

where 


9i{^A) 


cos{khi  cos  0)  —  cos  khi 
sind 

sin(khi  cos  0)  sin  0 

COS0 

sinkhi  —  sin(khi  cos  0)  cos  0 
sin0 


(5) 


This  yields  a  considerable  saving  in  time  compared 
with  the  conventional  MoM.  In  the  latter,  more  than 
two  current  expansion  terms  per  element  are  required 
to  accurately  evaluate  the  same  quantities. 


III.  Applications  of  the  ICT 
method 

The  ICT  method  has  been  popular  among  antenna 
designers  in  Japan.  For  instance,  Inagaki  et  al.  [5] 
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carried  out  design  of  dipole  arrays  with  specified  radi¬ 
ation  patterns  in  the  magnetic  plane.  The  configura¬ 
tion  of  the  elements  in  the  array  are  non-uniform  and 
the  integral  of  the  current  distribution  is  expressed 
applying  the  Improved  Circuit  Theory.  This  was  the 
first  antenna  synthesis  theory  which  considered  the 
change  of  current  distributions  to  be  dependent  on 
the  combination  of  the  driving  voltages.  Oyama  et 
al.  applied  the  ICT  method  in  finding  an  expression 
for  the  characteristics  of  Yagi-Uda  antennas  with  a 
vector  diagram.  They  also  applied  it  in  the  optimum 
design  of  Yagi-Uda  antennas  with  a  minimum  gain 
specified  [6-7].  Kawakami  et  al.  applied  ICT  in  the 
analysis  of  log-periodic  dipole  antennas  [8]. 

The  ICT  scheme  has  been  installed  in  an  expert 
system  for  linear  antennas  developed  by  ATR,  Japan. 
Originally  designed  as  a  prototype  Computer  Aided 
Engineering  (CAE)  tool  of  wire  antennas  on  PCs, 
this  system  now  runs  on  an  Engineering  Work  Sta¬ 
tion  (EWS)  and  can  be  used  to  display  graphics  of 
analyzed  results  of  different  antenna  geometries  si¬ 
multaneously  [9].  An  ICT  algorithm  has  been  found 
useful  in  this  system  because  of  the  relatively  quicker 
response  required  by  such  interactive  and  real  time 
system. 

IV.  Faster  ICT  Implementation 

Scheme 

For  the  antenna  designer,  the  importance  of  having  a 
fast  method  of  evaluating  an  antenna  system  cannot 
be  overemphasized.  A  faster  method  is  especially  de¬ 
sirable  in  an  expert  system  discussed  in  the  previous 
section. 

In  furtherance  of  the  objective  of  achieving  a  faster 
antenna  evaluating  method,  a  recent  study  [11-12] 
shows  the  usefulness  of  replacing  time  consuming 
functions  within  the  ICT  algorithm.  To  achieve  this 
in  the  Faster  Improved  Circuit  Theory  (FICT)  [11- 
12],  closed-form  approximate  formulas  are  derived  to 
replace  the  most  time  consuming  function  in  the  al¬ 
gorithm.  Part  of  resulting  formula  in  FICT  is  bulky 
because  it  is  based  on  polynomial  functions  derived 
from  data  banks  using  least  square  curve  fitting  tech¬ 
niques. 

In  this  section,  the  same  function  [11-12]  is  ana¬ 
lyzed  again  and  a  new  and  more  compact  closed-form 
formula  is  proposed  which  avoids  time  intensive  nu¬ 
merical  integration  in  the  implementation  of  the  ICT 
method.  The  new  formula  is  shown  to  be  capable  of 
reproducing  the  results  of  the  numerical  integration 
scheme  and  reduces  more  than  half  the  time  required 
in  implementing  the  conventional  ICT  method.  It  is 


applicable  to  the  practical  range  of  most  co-planar 
dipole  arrays  of  arbitrary  configurations. 

A.  Closed-Form.  Formula 

The  current  method  of  evaluating  Eq.  (27)  of  Section 
VILA  of  the  appendix  which  is  restated  here  as 


is  by  numerical  integration,  which  is  considerably 
time  intensive.  In  Eq.  (6)  each  variable  {x  =  kh,y  = 
kd),  has  been  multiplied  by  k  (the  wavenumber)  to 
achieve  non-dimensionality.  This  function  has  been 
shown  [11-12]  to  require  more  than  fifty  percent  of  the 
total  CPU  time  during  a  typical  analysis  of  a  mul¬ 
tielement  system  of  linear  arrays  and  has  therefore 
been  identified  as  the  most  time  consuming  function 
in  the  ICT  algorithm.  The  objective  here  is  to  find  a 
closed-form  formula  which  avoids  numerical  integra¬ 
tion.  Two  partial  formulas  are  derived  for  large  and 
small  element  spacing  respectively,  and  then  com¬ 
bined  to  replace  the  original  equation  (Eq.  6). 

1)  Partial  Formula  for  Large  Inter-Element 

Spacing:  For  the  general  case  of  large  inter-element 

spacing  between  elements  of  a  linear  array  of  anten¬ 
nas  the  following  formula  can  be  derived  to  replace 
Eq.  6.  For  such  situations,  we  make  the  substitution 
t  =  ysinhw  in  Eq.  (6)  and  simplify  to  get 

/•sinh"'  i 

Ey{x)  =  2  /  '  (7) 

Jo 

Using  Mathematica  [13]  the  integrand  of  Eq.  (7) 
is  expanded  in  a  power  series  with  respect  to  w  and 
then  integrated  over  the  limits  given.  The  result¬ 
ing  approximate  function  is  given  as  the  two- variable 
function 

Ey{x):ii2f{x,y)e~^^.  (8) 

Details  of  f{x,y)  are  given  in  Section  VII.B  of  the 
appendix. 

2)  Partial  Formula  for  Small  Inter-Element 

Spacing:  It  will  later  be  shown  that  Eq.  (8)  is  ac¬ 

curate  only  for  large  values  of  y.  For  this  reason  we 
would  seek  for  another  closed-form  solution  of  Eq. 
(6)  which  is  valid  for  smaller  values  of  y.  This  ap¬ 
plies  to  evaluation  of  the  self-term  where  the  spacing 
is  equivalent  to  the  element  radius  and  also  for  situ¬ 
ations  of  electrically  small  spacing.  For  this  case  Eq. 
(6)  is  first  expressed  as 
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Ey{x)  =Ey{y)  +  Fy{x) 
where  Ey{y)  is  as  defined  in  Eq.  (8)  and 


(9) 


Jy 


exp  (-i\4^TF) 


dt.  (10) 


To  find  an  approximate  function  for  Eq.  (10)  we 
make  the  substitution  w  =  t  +  +  y"^  to  get 


the  array.  Relative  error  in  amplitude  for  Eqs.  (8) 
and  (9)  on  one  hand,  and  Eq.  (6)  on  the  other  (  all 
dimensionless  complex  quantities)  are  computed  and 
compared.  The  one  with  least  error  would  be  best  in 
representing  Eq.  (6)  for  any  particular  array  config¬ 
uration.  Our  aim  is  to  have  a  function  which  gives 
minimum  error  at  optimum  time  in  order  to  reduce 
the  time  required  to  carry  out  the  analysis  of  wire 
antennas  using  the  ICT  method. 

As  shown  in  Eq.  (29)  of  Section  VII.B  of  the  ap¬ 
pendix,  Eqs.  (8)  and  (9)  are  functions  of  the  power 
expansions  of  6  defined  as 


^yi^)  ~  ^  J 


x+y/x'^+y'^ 

(\/24*l)y 


The  following  component  of  the  function  in  the  in¬ 
tegrand  of  Eq.  (11)  which  is  difficult  to  treat 
analytically  is  expanded  into  a  power  series  with 
respect  to  w 

f{y)  =  €-^^.  (12) 

Using  Mathematica  [13]  it  can  be  shown  that  in 
the  interval  2  <  z/  <  10,  the  difference  between  a  five 
term  power  series  expansion  of  f{y)  of  Eq.  (12)  and 
the  original  function  is  less  than  10“^. 

Therefore  using  this  five  term  series  expansion  of 
Eq.  (12)  we  can  express  Eq.  (11)  approximately  as 


Fy(x)  »  2  J 
{V2+l)y 

Equation  (13)  is  then 
matica  [13]  to  give 


e-3l2w 

- dw, 

w 


(13) 

easily  integrated  using  Mathe- 


Fy{x)  =  2g{x,y)  (14) 

where  details  of  g{x,y)  is  given  in  the  Section  VII.C 
of  the  appendix.  It  should  be  noted  that  Eq.  9  is 
valid  when  Eq.  8  is  also  valid,  but  the  converse  is  not 
necessarily  so. 


3)  Valid  Regions  of  Partial  Formulas:  In  this 
section  we  shall  establish  the  valid  regions  of  Eqs.  8 
and  9.  To  achieve  this  we  examine  an  array  configu¬ 
ration  of  two  elements  of  length  (2fi/A)  in  the  interval 
0.1  <  2h/X  <  2  and  inter-element  spacing  in  the  in¬ 
terval  10““*  <  d/X  <  10.  This  is  then  used  to  validate 
Eqs.  (8)  and  (9).  Most  practical  arrays  of  interest 
would  normally  fall  within  this  region.  The  lower 
values  of  d/X  represent  the  radius  of  an  element  in 


b  -  In  ^ 

y 


(15) 


Eq.  (15)  is  such  that,  for  certain  combinations  of  x 
and  y,  higher  order  terms  of  it  are  vanishingly  small 
and  so  some  terms  of  Eq.  (29)  which  are  series  ex¬ 
pansion  of  this  equation  can  be  truncated,  thereby 
optimizing  the  CPU  time. 

To  determine  the  valid  regions  of  the  two  equa¬ 
tions  we  have  computed  and  plotted  various  contour 
graphs  of  the  percent  relative  amplitude  errors  be¬ 
tween  them  and  Eq.  (6).  A  first  heuristic  choice  is  to 
fix  a  maximum  permissible  relative  amplitude  error 
of  1%.  Fig.  2  (a)  shows  the  1%  relative  amplitude 
error  contours  for  Eqs.  (8)  and  (9).  From  Fig.  2(a) 
we  can  deduce  that  except  for  very  small  portions 
(shaded),  at  least  one  of  the  Eqs.  (8)  or  (9)  can  be 
used  in  the  computation  of  Eq.  (6)  for  any  particular 
array  configuration.  Increasing  the  maximum  per¬ 
missible  error  to  1.26%  gives  the  contour  plot  in  Fig. 
2(b)  which  shows  that  at  least  one  of  the  equations 
can  be  used  to  compute  Eq.  (6)  with  maximum  error 
of  1.26%  for  the  entire  region. 


4)  Combined  Formula:  For  this  condition  we 
have  fitted  a  linear  relationship  between  x  and  y  as: 

s(a:,  y)  =  x-  0.216831y  -  0.0533064,  (16) 

where  Eqs.  (8)  and  (9)  are  evaluated  based  on  the 
conditions 


E(x)a<  s{x,y)>0  Eq.  8 

"  ~  \  2/(.t,?/)  + 2fif(a;,2/)  s(x,j/)  <  0  Eq.  9. 

(17) 
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(b) 


Figure  2:  Contour  plots  of  relative  error  in  amplitude 
(a)  1%,  (b)  L26%,  with  valid  formulas  for  each  region 
indicated. 


Table  1:  Conditions  for  detail  evaluation  of  Eq.  (17). 


Solution 
of  Eq.  (6) 
with 

Terms 
of  Eq.  (29) 
Required 

Relation 

Between 

X  and  y 

Eq.  (8) 

21 

H{x,y)  <  0 

Eq.  (8) 

15 

O 

Al 

S2{x,y)  <  0 

Eq.  (8) 

9 

»-i{x-,  y)  <  0 

Eq.  (8) 

5 

S3ix,y)  >  0 

Eq.  (9) 

9 

S4{x,y)  <  0 

Eq.  (9) 

5 

S4{x,y}  >  0 

Bi  Eq.  9  [  5  terms  of  Eq.  29]  ^^Eq.  8[  15  terms  of  Eq.  29] 


0-07  05  1.0  2.0 


Element  Spacing  [d/  A  ] 


Further  more  detailed  analysis  shows  that  the  fol¬ 
lowing  relations  can  be  used  to  truncate  unnecessary 
terms  (Eq.  15)  of  Eq.  (29)  in  the  evaluation  of  Eq. 
(17): 


si{x^y)  =  4.4612y  -  X  —  0.2458 
S2{x,y)  =  0.57312j/ —  a:  +  0.811 
y)  =  O.lly  -  X  +  0,33 
S4{x,  y)  =  32.475y  -  .t  -  3.4895.  (18) 


Figure  3:  Demarcated  regions. 


Using  the  relations  defined  in  Eq.  (18)  the  follow¬ 
ing  conditions  in  Table  1  are  used  for  detailed  eval¬ 
uation  of  the  closed-formed  function  defined  in  Eq. 
(17). 

By  way  of  explaining  the  rationale  behind  Table  1, 
the  accurate  evaluation  of  Eqs.  8  and  9  depends  on 
the  number  of  terms(defined  by  Eq.  15)  of  Eq.  29 
used.  Now  for  certain  array  configurations,  some 
terms  of  Eq.  29  can  be  ignored  since  they  are  negli¬ 
gibly  small  but  their  very  inclusion  could  only  serve 
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to  increase  the  CPU  time  without  improving  on  the 
numerical  accuracy.  The  truncation  of  such  terms 
using  the  relations  in  the  term  column  of  the  Table  1 
has  been  shown  to  improve  considerably  the  compu¬ 
tational  efficiency  of  the  algorithm. 


Figure  4:  (a)  Linear  and  (b)  circular  array  systems. 

The  relations  in  Table  1  have  been  used  to  draw  an 
approximate  and  more  graphic  demarcation  for  each 
function  as  shown  in  Fig.  3.  These  relations  are  then 
easily  used  as  a  closed-form  replacement  of  Eq.  6. 
The  valid  region  of  Eq.  17  falls  within  the  practical 
range  of  linear  array  systems. 

V.  Case  Study  Using  Modified 
Algorithm 

In  this  section  we  validate  the  new  ICT  algorithm  by 
considering  the  analysis  of  various  co-planar  dipole 


arrays  including  tightly-coupled  systems  like  Yagi- 
Uda  array  antennas.  The  results  are  compared  with 
those  of  the  conventional  ICT  method  and  MoM. 

The  computational  times  and  storage  required  by 
these  methods  are  also  compared  to  demonstrate  the 
efficiency  of  the  new  ICT  implementation.  The  ICT 
algorithm  using  the  closed-formed  formula  (Eq.  17) 
is  designated  as  MICT. 

A.  Linear  and  Circular  Arrays  of  Equal  Lengths 
and  Spacing 

Analysis  of  typical  linear  and  circular  array  systems 
of  the  form  shown  in  Fig.  4  have  been  carried  us¬ 
ing  ICT  and  MICT.  The  results  are  compared  with 
analysis  of  a  similar  system  by  Thiele  et  al.  [14]. 
The  MoM  procedure  in  this  paper  is  based  on  seven 
current  expansions  a  piecewise  sinusoidal  Garlekin 
method.  These  number  of  expansion  functions  have 
been  found  adequate  in  accuracy  compared  to  the 
two  ICT  methods. 


Figure  -5:  Twelve  Element  Linear  Array  (a) 
Impedance,  (b)  phase  of  impedance,  and  (c)current. 

Following  [14],  we  consider  a  typical  linear  array 
made  of  12  elements  each  of  equal  length,  radius  and 
inter-element  spacing  of  A/2,  O.OOOIA  and  A/2  respec¬ 
tively.  Each  element  in  the  array  is  considered  to  be 
supplied  from  co-phasal  sources  of  uniform  amplitude 
and  with  a  series  resistance  of  720.  For  this  end-fire 
linear  array,  the  main  beam  maximum  is  pointed  at 
(f>  =  45°  as  shown  in  Fig.  4(a)  [14].  Fig.  5  shows  the 
results  of  an  analysis  with  the  different  methods. 
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The  circular  array  we  consider  is  similar  to  the 
linear  system  described  above  except  that  the  main 
beam  direction  is  now  pointed  at  d)  =  0°  shown  in 
Fig.  4(b).  The  results  of  the  three  methods  are  given 
in  Fig.  6.  Fig.  7  shows  the  far-field  patterns  of  linear 
and  circular  arrays  described  above.  It  is  clear  from 
these  results  that  the  three  methods  are  very  much 
in  agreement,  especially  in  the  computation  of  the 
far- field  radiation  patterns. 

In  particular  the  results  of  the  two  ICT  methods 
are  so  close  that  we  can  not  easily  distinguish  between 
them,  thus  validating  the  accuracy  of  the  closed- form 
formula. 


Figure  6:  Twelve  Element  Circular  Array  (a) 
Impedance,  (b)  phase  of  impedance,  and  (c)  current. 


lengths  of  reflector,  driver  and  directors  respectively. 
The  results  of  a  similar  structure  in  [14]  also  based 
on  MoM  are  shown.  The  MoM  used  in  this  paper  is 
based  on  [15]  with  126  pulse  expansion  functions  used 
to  achieve  the  input  impedance  formulas  as  the  other 
methods.  All  results  are  in  reasonable  agreement. 


90* 


0* 


(b) 

Figure  7:  Patterns  of  12  Element  (a)  linear  with  main 
beam  direction  steered  to  (f)  =  45°,  (b)  circular  array. 


B.  Analysis  of  Yagi-Uda  Arrays 

Using  the  generalized  impedance  formulas  defined  in 
Eqs.  19-20  and  the  new  closed-form  formula  (Eq. 

17),  we  have  analyzed  various  Yagi-Uda  Arrays  of  a 
typical  form  shown  in  Fig.  8. 

The  characteristic  of  a  particular  case  of  a  six  el¬ 
ement  Yagi-Uda  Array  (  Lr  =  0.482A  ,  L  =  0.456A, 

Ld  =  0.437A)  of  equal  inter-element  spacing  of  (0.2A) 
and  equal  radii  of  0.0025A  are  shown  in  Table  2  for 

the  different  methods.  Here  Lr,  L  and  Lr  are  the  Figure  8:  Configuration  of  a  general  Yagi-Uda  Array. 


50 


Table  2;  Characteristics  of  Equally  Space  Yagi-Uda 
Array. 


Method 

Gain  [dB] 

Input 

Impedance  [fi] 

MoM  [14] 

11.2 

51.3 -il.9 

MoM[15] 

11.23 

50.6  -  i4.03 

ICT 

11.25 

50.3  -  j2.48 

MICT 

11.25 

50.3  -  j2.54 

Table  3:  Characteristics  of  a  Yagi-Uda  Array  for  TV 
Channel  15  operation. 


Method 

Gain  [dB] 

Input 

Impedance  [fi] 

MoM  [14] 

11.50 

59.50  -b  i47.50 

MoM[15] 

11.54 

59.45  -f  i44.61 

ICT 

11.53 

59.26  +  i43.70 

MICT 

11.52 

59.17 +  i43.50 

The  characteristics  and  H-plane  radiation  pattern 
of  a  six  element  Yagi-Uda.  with  the  following  geome¬ 
try:  Lr  =  0.5A,  L  =  0.47A,  Ld  =  0.43A  Sr  =  0.25A, 
Su  =  0.30A  are  shown  in  Table  3  and  Fig.  9  re¬ 
spectively.  Each  element  is  of  radius  0.0026A.  This 
configurations  is  a  typical  Yagi-Uda  antenna  for  op¬ 
eration  of  midband  frequency  for  Channel  15  [14]. 
Again,  all  the  methods  are  in  close  agreement. 

C.  CPU  Time  and  Computer  Storage 

Since  the  conventional  workstation  is  time  sharing 
by  nature  with  variable  loading  not  easily  control- 
Ia])le  by  a  particular  user,  it  is  quite  difficult  to  es¬ 
tablish  similar  conditions  in  order  to  accurately  de¬ 
termine  the  CPU  time  requirements  of  each  method 
described  in  the  previous  section.  It  has  therefore  be 
found  more  convenient  to  use  an  NEC  PC-9801VX 
personal  computer  to  carry  out  the  CPU  time  statis¬ 
tics  analysis. 


MoM 

ICT 


linear  scale 


Figure  9:  H-plane  pattern  of  Six-element  Yagi-Uda 
array  for  TV  Channel  15  [14]. 


Figure  10:  Closed  form  and  numerical  integration 
CPU  times. 


1)  CPU  Time  of  Numerical  and  Closed-form 
Formulas:  The  CPU  time  required  in  the  evalua¬ 

tion  using  the  closed-form  and  numerical  integration 
is  first  carried  out.  To  ensure  that  we  cover  each  sub- 
region  of  the  closed-form  formula,  according  to  the 
conditions  defined  in  Table  1  we  did  the  evaluation 
with  101  X  101  points  in  the  intervals  0.1  <  2/?./A  <  2 
and  10“^  <  d/X  <  10.  The  results  are  shown  in  the 
Barchart  of  Fig.  10. 


It  is  clear  from  the  results  that  the  closed-form 
formula,  is  capable  of  reproducing  Eq.  (6)  accurately 
and  at  one  seventh  the  CPU  time  on  the  average.  For 
configurations  requiring  a  lesser  number  of  terms,  as 
shown  in  Fig.  3,  the  CPU  time  could  be  shorter. 

Using  the  same  personal  computer  as  before  the 
end-fire  linear  array  described  in  Section  IV. A  has 
been  analyzed  using  the  two  ICT  and  MoM  algo¬ 
rithms.  The  results  are  shown  in  the  Barchart  in 
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Fig.  11.  The  advantage  of  the  ICT  and  MICT  meth¬ 
ods  in  CPU  time  required  to  analyze  wire  antennas 
is  clearly  demonstrated  here. 


Figure  11:  CPU  time  Statistics  of  12  element  linear 
Array  analyzed  with  two  ICT  and  MoM  algorithms. 


Figure  12:  Curve  showing  convergence  of  input 
impedance  as  the  number  of  pulse  expansion  func¬ 
tions  with  point  matching  is  increased  for  six  Element 
Yagi-Uda  antenna. 

2)  Computer  Storage  Limitation  :  The  mo¬ 
ment  method  used  for  the  Yagi-Uda  Array  is  based  on 


[1.5]  and  required  about  126  pulse  functions  to  achieve 
accurate  impedance  results  comparable  to  the  other 
methods.  This  required  considerable  storage  and  we 
are  therefore  not  surprised  that  the  computation  can 
not  be  easily  carried  out  on  both  NEC  PC-9801VX 
and  NEC  PC-9801DA  personal  computers  without 
storage  problems. 

On  Sun  Workstation  (Sparcstation  10),  the  rough^ 
computational  times  were  36  seconds  for  the  MoM 
scheme,  47  milliseconds  for  ICT  and  20  milliseconds 
for  MICT. 

Of  course  the  relatively  large  computational  re¬ 
quirement  and  storage  of  the  MoM  can  be  explained 
in  this  case  by  the  fact  that  though  the  array  is 
actually  a  discontinous  structure  in  configuration, 
the  evaluation  has  been  carried  out  as  if  the  ar¬ 
ray  elements  were  connected  togather  and  formed  a 
continuous  structure.  Piecewise  pulse  functions  are 
then  used  to  express  closed-form  the  formula  for  the 
impedance  matrix.  But  this  requires  us  to  use  a  large 
number  of  expansion  functions  to  achieve  reasonably 
accurate  results.  This  leads  to  large  matrix  to  be  in¬ 
verted.  Figure  12  shows  convergence  curves  for  the 
input  impedance  for  a  six  Element  Yagi-Uda  antenna. 
The  largest  matrix  to  be  inverted  by  the  ICT  method 
is  2N  X  ‘2N  where  N  is  the  number  of  elements  in  the 
array. 

In  MICT  all  formulas  are  expressed  in  closed-form, 
making  it  very  efficient  in  terms  of  CPU  time.  The 
usefulness  of  MICT  as  an  efficient  CAD  /  CAE  tool  as 
described  in  Section  III  is  clearly  demonstrated. 


VI.  Conclusion 

We  have  for  the  first  time  in  English  text  pre¬ 
sented  the  Improved  Circuit  Theory  generalized  in¬ 
put  impedance  formulas  which  can  be  useful  in  the 
analysis  of  multielement  dipole  antennas  with  arbi¬ 
trary  configurations.  By  deriving  a  new  and  closed- 
form  formula  which  is  valid  for  practical  range  of 
most  multielement  antenna  systems  to  avoid  time  in¬ 
tensive  numerical  integration,  it  has  been  possible  to 
reduce  more  than  half  the  CPU  time  required  to  ana¬ 
lyze  multielement  antennas  using  the  ICT  method.  It 
has  also  been  demonstrated  that  the  ICT  method  of¬ 
fers  a  much  faster  method  of  analyzing  multielement 
antennas  compared  with  the  conventional  method  of 
moment.  This  faster  ICT  implementation  scheme 
further  enhances  the  method  as  a  useful  CAD/CAE 
tool. 

^Workstation  was  shared  by  other  users  during  computa¬ 
tion  and  so  same  conditions  could  not  be  guaranteed  for  each 
method  unlike  a  PC  which  can  ensure  this. 
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However,  the  conventional  ICT  two  current  func¬ 
tions  defined  in  Eq.  2  has  been  found  to  be  inad¬ 
equate  for  co-planar  dipole  element  lengths  greater 
that  L85A  [16].  Even  though  this  covers  a  large  range 
of  practical  antennas,  applications  to  much  longer 
dipole  antennas  (  e.g.  large  log-periodic  dipole  ar¬ 
rays  required  for  wide  bandwidth  applications  [17]) 
would  necessitate  the  use  of  more  appropriate  trial 
function.  A  choice  of  better  trial  functions  for  ex¬ 
panded  application  of  ICT  is  currently  under  study 
[16]. 

VII.  Appendix 

A.  Generalized  Impedance  for  Non-uniform  Ar¬ 
ray  Configurations 

If  the  configurations  of  a  multielement-element  sys¬ 
tem  are  non-uniform,  (  the  sizes,  length  and 
inter-element  spacing  vary),  then  the  generalized 
impedance  of  the  system  is  given  as  [8,18] 


=  Ckd{en)±Ckdiem)-Ckd{e^) 

=  Skd{0n)  +  Skd{Om)-Skd{O^)  (24) 


=  ■^\—[-C+sme+-C-sme- 

47rV  £o 

+  5"^  cos^"*"  +  5“  cos0“] 


zll  =  zl\  =  j^^^[c+cose+-c-cose- 

+  S'^  —  S~  sin^“  —  2 E kdi^ m)  e.os  On 

.  +  EkdiO^)  -  Ekd{e~)]  (20) 


B.  Details  of  f{x,y) 

The  function  f(x,y)  is  simplified  from  the  Mathe- 
matica  [13]  integration  as 

f{x,y)  =  b- 

j\  ,yj  Jq  ^  [  120  J 

\-j  -  15y jl5y'^]  j 
^  5040 

\-j  -  6Zy  +  210jy  +  I05j/®1  9 
^  362880 


rim 


[C'^  sin  —  C  sin  6 


—  cos  +  5  cos  0  —  2Ekdi^n)  sin  6m 

*-  2Ekd{6m)siii9n  +  6~^Ekd{6’^)  -  9'~Ekd{6~) 

-  j2 exp  [-j \l{kdf  +  (61+)^ | 


+  i2exp  -jJ{kdf  +  {0-y 


where 


a  n  =  m 
dnm  7^  ^) 


dnm  is  the  inter-spacing  between  elements  n  and  m 
in  the  array 


0^  =  0n±,Om,  0n  =  khn,  0„^  -  khm  (23) 


+  10-^^  [-6  +  i50  +  80y^  +  2Z.7y^\  6“ 

+  lO^Sy  [i3  +  10.62/  -  8.352/^  -  1.672/®]  6^® 

+  lO^Sy  [jl.5  +  9.22/  -  jUAly^  -  7.234/ 

+  jT. 03342/'*]  6^®  +  I006y  \j5  +  58y  -  163.42/® 


-  154.32/®  +  j5Z.2y^  +  5.72/®]  b  ' 

+  lOSy'^  [30  -  jmy  -  2152/®  +  Jl352/® 
+  Z4y^  -  j2.8Zy^]  +  Sy^  [-200 

+  j200y  +  IOO2/®  -  j202/®  -  1.32/'*]  b'^'^ 


where 


6  =  ln^±X2l±i[:  and  ^  =  lO'^  V-  (30) 
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C.  Details  of  g{x,y) 

The  function  g{x,  y)  is  simplified  from  the  Mathemat- 
ica.  [13]  integration  as 


g{x,y) 


-jlO~^y  [20.710678  -  jl.07233052/ 
1.2944174] 

jlO"'^  [j6.2.5  -  +  3.12.5]  y^u^'^ 


Efv)  -  Ei 


(31) 


Here  v  =  -jl.207107y,  u  =  +  y^)  and 

Efz)  is  as  defined  in  Eq.  (28). 
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Abstract 

The  design  of  an  electromagnetic  levitation  system  for 
large  amounts  of  liquid  metal  requires  the  solution  of  an 
inverse  field  problem.  The  objective  is  to  calculate  the 
electromagnetic  pressure  distribution  which  corresponds 
to  a  specified  metal lo-static  head.  This  paper  describes 
an  algorithm  for  the  design  of  coil  systems  which  will 
produce  the  desired  pressure  distribution.  The  technique 
is  illustrated  by  the  design  of  a  torroidal  levitation 
system. 

Keywords:  electromagnetic  confinement,  liquid 

metals,  pressure  distribution,  design  methodology, 
algorithm. 

1  Introduction 

Defects  found  during  the  manufacture  of  equipment 
which  require  ultra-pure  and/or  highly  reactive  metals 
may  be  traced  to  contamination  that  occurred  during 
their  processing  in  the  liquid  state.  Sources  of  the 
contaminants,  in  turn,  can  be  often  attributed  to  the 
vessels  for  the  liquid  materials.  Thus,  elimination  of 
contact  between  the  metal  and  its  container  would  be 
highly  advantageous  and  represents  a  goal  that  could  be 
achieved  by  induction  levitation. 

In  general,  present-day  electromagnetic  levitation 
techniques  of  liquid  metals  are  restricted  to  small 
amounts,  typically  in  the  order  of  few  grams  [1].  This 
can  be  attributed  to  the  use  of  confinement  systems 
which  have  inherent  field  singularities.  That  is, 
somewhere  on  the  surface  of  the  molten  mass  there  is  a 


zero,  or  negligible,  amount  of  electromagnetic  pressure 
to  counter  balance  the  metallo-static  head. 
Consequently,  at  some  location,  which  often  coincides 
with  the  requirement  of  highest  pressure,  only  the  weak 
forces  of  surface  tension  are  available  for  the  support  of 
molten  material.  This  places  serious  limitation  on  the 
weight  which  can  be  levitated  in  a  stable  manner.  As  a 
result  the  technique  is  more  or  less  confined  to 
metallurgical  research  laboratories,  and  practical 
industrial  applications  which  require  the  suspension  of 
significant  amounts  of  metal  have  not  received  sustained 
attention  to  date. 

It  has  been  demonstrated,  both  theoretically  and 
experimentally,  that  multiple  frequency  excitation 
system  can  confine  large  amounts  of  liquid  metal  [2]. 
The  physical  realization  of  such  a  system  requires  the 
solution  of  a  difficult  inverse  electromagnetic  problem 
which  can  be  stated  as; 

For  a  given  geometry,  what  are  the  exact  locations  and 
magnitudes  of  excitation  current  sources  which  will 
generate  a  prescribed  pressure  distribution? 

To  the  best  knowledge  of  the  author,  a  unique  solution 
to  this  problem  is  not  guaranteed  since  a  number  of 
alternate  excitation  systems  can  produce  identical  final 
results.  Design  of  a  practical  system  is  beset  by  a 
confusing  array  of  alternatives  which  are  difficult  both 
-  to  realize  and  evaluate  in  a  systematic  manner. 
Consequently,  the  main  goal  of  this  paper  is  the 
development  of  a  design  technique  which  determines  the 
locations  of  the  individual  turns  within  a  coil. 

A  solution  to  the  magnetic  problem  is  an  integral  part  of 
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the  algorithm,  for  which  one  of  a  number  of  alternate 
methods  may  be  employed.  One  of  these  is  the  finite 
element  method  of  Reference  [3],  The  purpose  of  this 
paper  is  to  present  a  simple  technique  based  on  both 
easily  identified  physical  parameters  and  clear  cut 
design  objectives.  The  approach  takes  into  account 
limitations  imposed  by  concerns  such  as  the  thermal 
cooling  and  physical  protection  of  the  coils.  At  the 
same  time  it  specifies,  a  priori,  a  maximum  value  for  the 
magnitude  for  the  deviation  for  the  confined  shape  from 
that  specified.  By  relating  the  error  to  various  spatial 
harmonics  it  is  expressed  in  a  physically  meaningful 
manner  The  present  technique  combines  an  analytical 
approximation  for  the  high  frequency  magnetic  field 
with  a  linear  optimization  method  which  drives  the 
solution  towards  the  appropriate  displacements  of  the 
coil  windings.  The  resulting  solution  for  the  shape  of 
a  freely  levitated  body  is  expected  to  be  robust  since  the 
effect  of  surface  tension  is  considered  to  be  negligible. 
In  this  case,  both  bulk  confinement  and  surface  stability 
will  be  realized  through  electromagnetic  forces.  Any 
additional  effect  due  to  surface  tension  will  further  aid 
confinement. 


2  Design  criteria  for  shape  compliant 
electromagnetic  pressure  fields 

Principles  for  stable  electromagnetic  levitation  of  large 
amounts  of  molten  metal  have  been  investigated  and 
successfully  implemented  [2].  Its  basic  features  can  be 
summarized  as: 

a)  the  provision  of  a  magnetic  field  which  creates 
a  metallo-static  pressure  distribution  in 
conformity  with  the  shape  of  the  desired  body, 

b)  the  assurance  of  bulk  stability  for  the  liquid 
mass,  such  that  it  is  prevented  from  falling  apart 
due  to  the  appearance  of  disturbances, 

c)  the  automatic  maintenance  of  surface  stability 
which  otherwise  would  lead  to  the  eventual 
leakage  of  material  and  the  destruction  of 
confinement. 

Implementation  of  these  criteria  lead  to  the  design  of 
multi-frequency  confinement  systems  which  both 


eliminate  the  presence  of  singularities  in  the  pressure 
field  and  ensure  surface  stability.  The  removal  of 
singularities  is  achieved  by  the  superposition  of 
pressures  created  by  independent  electromagnetic  fields. 
These  are  produced  by  currents  having  different 
frequencies  in  a  number  of  excitation  coils.  Surface 
stability  is  ensured  by  the  mutual  orthogonality  of  the 
fields  [4]. 


3  Design  considerations 

Electromagnetic  body  forces  produced  by  an  interaction 
between  the  magnetic  field  and  the  current  in  a 
conducting  medium  are  given  by: 

F  =  -  Re  (J*x  B)  (1) 

2 

where:  F  is  the  body  force  (N/m^),  J*  is  the  complex 
conjugate  of  the  current  density  (A/m^),  and  B  is  the  flux 
density  (Wb/m^).  When  a  conducting  body  is  placed  in 
an  alternating  magnetic  field,  confinement  forces  are 
produced  by  the  tangential  component  of  the  flux 
density  Bj,  and  the  induced  ciment  J..  The  normal 
component  of  the  flux,  Bn,  and  J.  produces  a  tangential 
force  along  the  free  surface  of  the  body. 

The  principle  objective  of  a  design  procedure  is  to 
match  the  magnitude  of  electromagnetic  pressure  with 
the  prevailing  metallo-static  head  everywhere  on  the 
surface.  The  tangential  forces  cause  the  liquid  to 
recirculate  within  the  body.  When  these  flows  are 
turbulent,  waves  are  produced  on  the  surface  to  reduce 
the  overall  stability  of  the  confinement  system  [5]. 
Consequently,  it  is  highly  desirable  to  eliminate,  or  at 
least  minimize,  the  magnitudes  of  Bp.  This  can  be 
achieved  by  using  high  excitation  frequencies  which 
confine  the  magnetic  flux  within  thin  boundary  layers 
immediately  below  the  free  surface. 

Liquid  metal  processing  is  associated  with  high 
magnitudes  of  heat  flux,  and  it  is  necessary  to  protect 
water  cooled  excitation  coils  against  thermal  damage. 
While  the  actual  thickness  of  the  thermal  insulation 
depends  upon  the  characteristics  of  the  metal,  practices 
of  the  induction  heating  industry  can  be  used  as 
guidelines  for  design.  The  accommodation  of  insulation 
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introduces  substantial  gaps  between  the  coils  and  the 
load  which  can  seriously  limit  the  magnitudes  of 
magnetic  flux.  Hence,  their  thickness  must  be 
controlled  to  a  bare  minimum  needed  for  coil  integrity. 
With  these  considerations  in  mind,  a  general  design 
approach  for  the  shapes  and  locations  of  excitation  coil 
is  now  investigated. 

4  Solution  of  the  inverse  field 
problem 

The  required  confinement  field  for  a  given  geometiy  is 
determined  by  the  variation  of  the  metallo-static  head. 
The  final  result  of  the  analysis  is  known  from  the  start, 
and  the  design  task  is  reduced  to  determination  of  coil 
geometries  and  appropriate  excitation  current 
magnitudes.  In  this  section,  a  solution  to  the  inverse 
problem  is  described  in  the  form  of  a  series  of  design 
steps  which  are  illustrated  through  the  design  of  a 
levitation  coil  for  an  aluminium  torus. 

Step  1  Preliminaries 

A  confinement  scheme  for  the  desired  shape  and  weight 
is  first  proposed.  At  this  stage,  it  is  necessary  only  to 
ensure  qualitatively  that  all  points  on  the  free  surface 
have  tangential  magnetic  components.  Should  a  single 
coil  be  inadequate  to  generate  such  a  field,  a  multiple 
coil  excitation  system  must  be  considered.  The 
frequency  of  each  coil  current  is  different,  hence  the 
overall  pressure  distribution  is  the  sum  at  the  pressures 
contributed  by  each  individual  field. 


Example:  Consider  the  levitation  of  a  torroidal 

aluminium  ring  of  Figure  1,  with  the  attributes  specified 
in  Table  I. 


PROPERTY 

QUANTITY 

Torus  Diameter 

200  mm 

Ring  Diameter 

20  mm 

Density 

2700  kg/m^ 

Torus  Weight 

0.533  kg 

Table  I  Object  geometry  and  weight 


Figure  1  Relationships  between  load,  coil  geometry  and 
limits 

Since  the  torus  has  two  planes  of  symmetry  the  design 
of  the  coil  system  is  simplified,  and  the  problem 
becomes  two  dimensional.  When  a  high  frequency 
current  carrying  single  turn  is  wound  parallel  to  the  ring, 
a  magnetic  field  is  produced  which  has  a  tangential 
component  everywhere  on  the  surface.  A  coil, 
consisting  of  a  set  of  turns  placed  at  locations  as  yet  to 
be  defined,  can  be  used  to  produce  a  pressure 
distribution  that  meets  the  requirements  for  levitation. 
Such  a  coil,  shown  in  Figure  1,  is  initially  assumed  to 
have  20°  spacing  between  its  turns.  It  is  now  assumed 
that  this  estimate  for  coil  design  will  result  in  a 
reasonable  pressure  field  which  can  be  improved  upon 
by  an  iterative  process.  The  purpose  of  this  paper  is  to 
develop  an  algorithm  that  realizes  the  design  objective 
for  the  generation  of  a  compliant  pressure  field. 

Step  2  Inner  limit  for  coil  locations 

When  the  estimate  for  the  numbers  and  shapes  of  the 
initial  coils  is  completed,  it  is  necessary  to  establish  the 
minimum  separation  distances  between  these  coils  and 
the  liquid  metal.  A  first  order  analysis  of  the  cooling 
requirement  for  the  levitating  coils  will  provide  a 
guideline  for  minimum  safe  clearances.  This  establishes 
an  inner  limit  for  the  location  of  the  coils  (See  Figure  1). 
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Example:  Since  the  temperature  of  a  typical  aluminium 
alloy  melt  is  generally  below  700  °C  thermal  insulation 
of  the  coils  becomes  an  easy  task.  The  magnitude  of  the 
heat  flux  at  the  coils  can  be  estimated  by  the  equality 
between  the  radiated  heat  flux  from  the  ring  and  that 
conducted  through  the  insulating  refractory: 

aeiT*  -T^)  (2) 


T-T 


where:  Qr=radiated  heat  flux  (W/m^\  o=  Boltzman's 
constant,  e=emissivity  of  Al,  Ts=Al  temperature  (K), 
Tj=insulator  temperature  facing  the  hot  metal  (K), 
T„=coil  temperature  (K),  k=thermal  conductivity  of  the 
insulation  (W/mK)  ,  AX=  thickness  of  the  insulation 
(m).  For  a  10  mm  thick  insulation,  the  substitution  of 
typical  values  given  in  Table  II,  results  in  approximate 
values  for  the  inside  temperature  Ti=350  “C  and  a  heat 
flux  Q^=6000  W/m^.  These  values  present  no  difficulty 


for  water  cooled  coils. 

PROPERTY 

VALUE 

Insulation  thickness(AX) 

10  mm 

Thermal  conductivity  (k) 

0.2  W/mK 

Al  temperature  (TJ 

1000  K 

Coil  temperature  (T^j 

300  K 

Table  II  Approximate  thermal  parameters 


A  further  allowance  of  10  mm  between  the  refractory 
and  the  ring  is  sufficient  clearance  for  the  disturbances 
caused  by  possible  instabilities.  Thus,  the  minimum 
inner  limit  is  placed  at  20  mm  with  respect  to  the 
surface  of  the  ring. 

Step  3  Outer  limit  for  coil  locations 

The  magnitude  of  magnetic  flux  decreases  rapidly  from 
a  coil  and  in  order  to  realize  the  required  magnitude  at 
the  surface  of  the  object,  coil  currents  are  in  the  order  of 
several  hundreds  of  amperes.  This  consideration  leads 
to  an  outer  limit  for  the  location  of  the  coils.  In  order 
not  to  exceed  reasonable  limits  for  power  supply  ratings, 
an  outer  limit  for  coil  locations  is  in  the  vicinity  of  the 


inner  (see  Figure  1).  The  coils  are  placed  between  these 
two  limits  at  arbitrary  locations  with  assumed  values  for 
respective  currents.  As  the  solution  of  the  inverse 
problem  proceeds,  the  distance  between  the  limits 
decreases  to  the  overall  width  of  the  coils  and  defines 
their  final  positions. 

Example:  The  individual  turns  of  the  coil,  at  the  end  of 
the  design,  will  not  be  at  uniform  distances  from  the 
ring.  Thus,  the  outer  limit  must  be  set  far  enough  to 
allow  sufficient  space  for  their  movements  as  the 
algorithm  seeks  the  minimum  error  in  pressure 
distribution  around  the  ring.  The  initial  arbitrary 
location  for  the  outer  limit  is  set  at  a  distance  of  60  mm 
from  the  surface.  The  turns  of  the  coil  are  initially 
distributed  uniformly  along  a  50  mm  radius  arc,  centred 
on  the  torroidal  ring  of  Figure  1 . 

Step  4  Target  pressure  distribution 

The  shape  of  the  levitated  object  determines  the  target 
pressure  distribution.  The  required  pressure  is 
determined  by  the  density  of  the  load  and  the  depth  of 
the  metallo-static  head  at  every  point  on  the  surface. 
This  is  the  target  distribution  which  must  be  satisfied  by 
the  final  summation  of  all  pressure  distributions  created 
by  the  magnetic  fields. 

Example:  The  metallo-static  pressure  distribution  for 
the  torroidal  ring  geometry  is  given  by  the  simple 
relationship: 

P  =  —  P  (  1  -  sin  0  )  (4) 

2  ° 

where:  Po=2pgRc  (N/m^),  Rc  is  the  radius  of  the  ring 
(m),  0  (rad)  is  an  angle  measured  counter  clockwise  and 
subtended  from  the  centre  of  the  ring.  For  the  present 
case,  Po=529  N/m^. 

Step  5  Magnetic  field  produced  by  a  single  turn 

The  magnetic  field  produced  by  each  turn  within  each 
coil  is  calculated  either  analytically  or  numerically 
depending  on  the  configuration.  Since  high  excitation 
frequencies  are  used,  the  depths  of  field  penetrations  are 
small  in  comparison  with  load  dimensions. 
Consequently,  a  perfect  conductor  is  a  reasonable 


assumption  for  the  load.  This  allows  the  solution  of  a  amongst  the  geometrical  variables  [8]: 


0  2  4  6  8  10  12 


Distance  from  centre  of  torroid  (cm) 

Figure  2  Definition  of  the  torroidal  coordinate  system 


DC  magnetic  field  to  represent  the  eddy  current 
problem.  The  magnetic  vector  potential  on  the  surface 
of  the  object  becomes  an  arbitrary  constant  whose  value 
set  to  zero.  The  normal  component  of  the  field  does  not 
penetrate,  and  only  the  tangential  vector  component 
exists  on  surface.  The  strength  of  the  current  sheet  on 
the  ring  surface  provides  an  estimate  for  the  magnitude 
of  the  induced  load  current. 

Example:  The  tangential  component  of  the  magnetic 
field  due  to  a  current  carrying  loop  located  parallel  to 
the  ring  is  given  by  [6  ]: 


7,  sinh  T)  (  cosh  -  cos  C 
It  a  sinh  t)^  (  cosh  t)  -  cos  C 


^  ^  -  1/2  ^  ) 

-0  (1  +  6J  p\_„^  (cosh  11^) 


where:  is  the  magnetic  flux  density  produced  by 

the  J-th  turn  of  the  i-th  coil,  Ij  is  the  rms  value  of  the 
current  in  the  J-th  turn,  Rj  is  the  radius  of  the  torus,  C 
and  n  are  the  torroidal  coordinates  of  the  loop,  rio  and  C 
are  the  torroidal  coordinates  for  a  point  on  the  surface  of 
the  ring  (see  Figure  2),  P'n.1/2  is  the  torroidal  ring 
function  [7].  Definition  of  the  torroidal  coordinates  are 
shown  in  Figure  2,  and  the  following  relationships  hold 


cosh  {6b) 


The  total  magnetic  pressure 


The  magnetic  field  due  to  one  coil  is  the  sum  produced 
by  its  individual  turns.  Since  the  coil  frequencies  are 
different,  the  fields  become  completely  independent  of 
each  other.  Under  these  conditions,  the  total  magnetic 
pressure  P^ag  is  given  by: 


P 

mag 


(7) 


where:  N(,=  number  of  coils,  nj=  number  of  turns  in  the 
j-th  coil. 

Example:  A  ten  turn  coil  has  been  selected  for 

levitating  the  torroidal  ring.  For  a  given  spatial 
distribution,  between  the  inner  and  outer  limits,  their 
field  contributions  were  determined  by  evaluating  Eqn. 
5  on  the  surface  corresponding  to  the  torroidal 
coordinate  tio  (see  figure  2).  The  total  pressure 
distribution  is  determined  by  Eqn.  7. 

Step  7  Error  criterion 

The  Fourier  series  representations  of  the  target  and 
electromagnetic  pressure  distributions  allows  the 
formulation  of  a  physically  meaningful  error  criterion. 
This  approach  identifies  clearly  the  total  lifting  force  as 
the  DC  term  of  the  series,  while  higher  order  terms  can 
be  related  to  the  shape  of  the  object.  The  differences 
between  the  two  pressure  series  indicate  the  required 
adjustments  in: 

a)  the  magnitudes  of  the  excitation  currents 
through  the  DC  components, 

b)  the  locations  of  the  of  the  current  loops  through 
the  spatial  harmonic  terms. 

The  criterion  for  the  equality  of  total  electromagnetic 
lifting  force  and  the  weight  of  the  liquid  metal  mass  can 
be  satisfied  through  adjustments  in  the  current 
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magnitudes.  The  differences  in  spatial  harmonics  can  be 
used  as  the  driving  term  for  the  systematic  re¬ 
positioning  of  the  coil  conductors  for  minimization  of 
the  harmonic  rms  error. 


Example;  The  required  pressure  distribution  for  the 
torus,  as  given  by  Eqn.  4,  is  already  in  its  Fourier  form. 
The  electromagnetic  pressure  given  by  Eqn.  7  is 
transformed  into  its  Fourier  components  as: 
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(8) 

(9) 

(10) 
(11) 


where:  nc  is  the  average  value  of  the  magnetic 

pressure  (N/m^),  P„,  and  are  its  fundamental 
components  (N/m^),  P^  „  is  the  magnitude  of  the  n-th 
harmonic  distortion  term  (N/m^).  Eqn.  8  and  Eqn.  9 
must  be  made  identical  to  the  two  terms  of  Eqn.  6 
respectively.  Eqn.  10  is  related  to  a  shift  in  the  location 
of  the  pressure  centre  in  the  X  direction.  Since  this  will 
result  in  a  sideways  displacement  of  the  liquid  metal,  its 
magnitude  must  be  reduced  to  the  smallest  possible 
minimum  value.  Eqn.  1 1  represents  the  deviation  from 
the  desired  distribution.  Its  rms  sum  is  a  measure  of  the 
overall  error  in  shape,  and  the  purpose  of  the  design 
method  is  to  reduce  this  to  as  small  a  value  as  possible. 


Step  8  Error  minimization 

Successive  perturbation  analyses  in  the  location  of  each 
turn  indicate  the  direction  of  its  displacement  needed  for 
the  minimization  the  pressure  phase  shift  and  overall 
spatial  rms  harmonic  distortion.  In  this  analysis,  the 
location  of  any  given  turn  is  considered  to  be  the  centre 
of  a  small  circle.  The  pressure  field  is  recalculated  for 
each  displacement  of  a  conductor  along  the 
circumference  of  the  circle  and  the  rms  harmonic  error 
for  the  total  pressure  is  re-calculated  w^ith  the  positions 
of  all  other  turns  being  unchanged.  The  magnitude  of 


the  error  with  each  position  is  stored  in  memory  along 
with  the  associated  geometrical  data.  After  the 
completion  of  one  perturbation  cycle,  the  conductor  is 
positioned  at  the  location  corresponding  to  the  minimum 
error.  When  the  calculated  new  position  is  outside  the 
assumed  inner  or  outer  limit,  the  conductor  is  placed  on 
it  and  is  prevented  from  crossing  it.  The  analysis 
proceeds  from  turn  to  turn,  and  upon  completion  of  one 
cycle  for  all  coils,  the  total  geometrical  error  is  less  than 
that  at  the  start.  The  continuous  decrease  of  error  with 
iteration  is  caused  by  allowing  physical  displacements 
only  if  it  results  in  the  reduction  of  the  local  error.  Next, 
the  distance  between  the  inner  and  outer  limits  is 
reduced,  where  possible,  to  narrow  the  band  of  coil 
locations.  Thus,  with  each  iteration  an  increasingly 
better  estimate  is  obtained  for  the  coil  geometries. 

Example:  Application  of  the  above  minimization 
technique  for  the  design  of  a  1 0  turn  confinement  coil 
shown  in  Figure  1  results  in  a  reduction  of  the  harmonic 
error  from  an  initial  value  in  the  order  of  40%  to  less 
than  2.5%  after  the  completion  of  16  iterations.  The 
final  positions  of  the  turns  are  shown  in  Figure  3. 
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Figure  3  Final  locations  of  turns  1  to  10  with  respect 
to  the  torroidal  plane  and  centre 


The  calculated  value  of  the  coil  current  is  335  A  rms  and 
an  almost  sinusoidal  pressure  distribution  is  obtained  as 
seen  in  Figure  4.  The  results  of  a  finite  element 
analysis  described  in  Section  5  below  are  also  included 
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to  confirm  the  results.  The  small  distortion  in  the 
waveform  is  due  to  the  second  harmonic  pressure  term 
which  will  cause  a  slight  vertical  elongation  of  the  liquid 
torroidal  ring. 
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Ring  dicumferential  angle  (degrees) 

Figure  4  Electromagnetic  pressure  distribution 

The  variation  of  the  vertical  component  of  the  force  on 
the  ring  is  calculated  from  the  relationships  given  in 
Reference  [7]  and  is  shown  in  Figure  5.  It  is  maximum 
at  an  angular  position  of  267°  which  almost  coincides 
with  the  bottom  of  the  ring.  The  magnetic  field 
completely  surrounds  the  ring  to  produce  small  negative 
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Segment  angular  position  (degrees) 
Figure  5  Force  distributions  on  the  ring 


forces  on  the  top  surface.  The  net  force  differential 
between  the  lower  and  upper  parts  of  the  ring  creates  the 
almost  perfect  sinusoidal  form  for  net  effective  lifting 
force  of  5.22  N. 


5  The  design  algorithm 

The  inverse  method  described  above  forms  the  basis  of 
a  design  algorithm  whose  basic  steps  are  described  by 
the  following  pseudo-code: 

Algorithm  confine 

{Function:  solves  for  the  pressure  distribution  required 
for  the  levitation  of  bulk  amounts  of  liquid  metal} 

Start 

Procedure  basic jparameters 
Procedure  initial  ^geometry 
Procedure  initial _limits 
do  while  spatial _error> target  error 
do  while  coiljao  <total_coil_no 
do  while  turn_no  < coil_turns 
do  while  total_Jift  <targetJLift 
Procedure  field _singlejurn 
Procedure  field _all_coils 
Procedure  pressure 
Procedure  Fourier 
calculate  total_lift 

end  while  !  end  force  calculation 

calculate  spatial jerror 
if  spatial _err or  >  target _err or 

Procedure  turn _position  jpurturbation 
end  if 

end  while  !  end  calculations  for  each  turn 

end  while  !  end  calculation  for  each  coil 

Procedure  limits 

end  while  !  end  calculation  of  error 

Stop 

The  details  of  the  procedures  called  for  in  the  above 
algorithm  change  from  problem  to  problem.  These  may 
be  either  solutions  to  analytical  field  problems  or  the 
results  of  numerical  solutions.  The  choice  regarding  the 
method  of  solution  does  not,  however,  alter  the  overall 
algorithm. 
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6  Validation  through  finite  element 
analysis 

The  shape  of  the  magnetic  field  and  the  validity  of  the 
electromagnetic  pressure  profile  can  be  confirmed  by  a 
number  of  methods.  One  of  these  is  a  coupled  circuit 
^proach  which  uses  the  self  and  mutual  inductances  for 
a  large  number  of  subdivisions  of  the  load  and  the  coils. 
This  method  produces  good  results  and  has  been  used 
successfully  in  a  perturbation  analysis  of  the  shape  of 
the  liquid  metal.  Another  is  the  calculation  of  the 
magnetic  field  using  the  finite  element  method.  A 
commercial  software  package  [9]  (ANSOFT)  was  used 
for  the  solution  for  the  high  fi-equency  eddy  current 
problem.  In  order  to  minimize  the  impact  of  current 
penetration  into  the  ring,  the  excitation  frequency  of  the 
335A  coil  was  set  to  500kHz.  The  shape  of  the 
magnetic  field  is  shown  in  Figure  6.  This  result  is 
consistent  with  the  objectives  of  the  design,  and  the 
calculated  magnetic  pressures  are  shown  in  Figure  4. 


Figure  6  Spatial  distribution  of  the  electromagnetic 
field 

7  Conclusions 

The  purpose  of  this  paper  was  the  development  of  an 
algorithm  for  the  inverse  electromagnetic  field  problem 
encountered  in  the  design  of  levitation  systems  for  large 
amounts  of  liquid  metals.  It  is  shown  that  an 
optimization  procedure  can  be  applied  to  determine  the 
locations  of  lifting  and  confinement  coils  which  define 


a  specified  metallo-static  pressure  distribution.  The  main 
thrust  of  the  procedure  relates  to  the  adjustment  of  inner 
and  outer  limits  which  bound  the  coil  locations.  The  re¬ 
location  of  each  turn  of  a  high  frequency  coil  system  is 
guided  by  the  successive  minimization  of  an  error  term. 
This  is  obtained  from  the  differences  between  the  space 
harmonics  of  the  Fourier  series  for  the  desired  shape  and 
the  calculated  magnetic  pressure  field.  The  steps  of  the 
design  procedure  are  illustrated  by  the  development  of 
a  confinement  system  for  a  torroidal  ring  of  liquid 
aluminium.  A  finite  element  analysis  of  the  final  design 
step  shows  that  the  described  methodology  produces 
excellent  results  for  the  pressure  field.  The  various 
stabilities  of  the  system  have  not  been  investigated  in 
this  paper,  and  are  the  subjects  of  a  paper  in  preparation. 
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Abstract 

This  paper  presents  a  detailed  numerical  comparison, 
of  the  magnetically-induced  extremely  low-frequency 
electric  field  and  current  density  within  an  anatomi¬ 
cally  realistic  model  of  the  full  human  body  ,  as  com¬ 
puted  using  two  different  numerical  techniques. 

The  first  technique  is  a  recently-described  full-wave 
quasi-static  finite-difference  time-domain  (FDTD) 
method.  The  use  of  a  time-ramped  excitation  involv¬ 
ing  pairs  of  oppositely-directed  plane  waves  allows  for 
the  calculation  of  decoupled  magnetic  and  electric  in¬ 
duction  in  complex  heterogeneous  bodies,  in  relatively 
short  (5  ns)  simulation  times. 

The  second  method  is  an  implementation  of  Steven¬ 
son’s  method  applied  for  isolated  conducting  bodies. 
With  the  lowest-order  external  magnetic  field  repre¬ 
sented  by  a  vector  potential,  the  lowest-order  internal 
electric  field  can  be  represented  by  a  scalar  conduction 
potential,  and  the  magnetically-induced  contribution 
can  be  calculated  in  isolation. 

Both  methods  have  an  underlying  similarity  in  their 
finite-difference  approach,  but  are  nevertheless  very 
distinct.  Each  code  was  used  to  calculate  the  fields,  in¬ 
duced  by  three  orthogonal  uniform  magnetic  fields,  in 
a  7.2  mm-resolution  human  full-body  model.  Three- 
dimensional  correlation  coefficients  of  better  than 
99.9998%  were  observed  between  current  densities 
computed  by  the  two  methods.  Individual  edge  electric 
fields  typically  agree  to  3  significant  digits. 


1  Introduction 

Accurate  numerical  modelling  is  an  important  compo¬ 
nent  of  the  assessment  of  any  potentially  detrimental 
health  effects  of  power-frequency  electromagnetic  fields 
on  humans,  if  such  effects  are  related  to  the  induced 


electric  fields  and  currents  in  tissue.  Two  commonly- 
used  [1]  numerical  techniques  are  the  finite-difference 
time-domain  (FDTD)  [2]  method,  and  the  impedance 
method  (IM)  [3,  4,  5].  In  this  paper,  numerical  com¬ 
putations  using  a  modified  FDTD  method  [6]  will  be 
compared  to  those  computed  using  a  less  well-known 
scalar  potential  finite  difference  (hereafter  frequently 
abbreviated  as  SPFD)  technique,  for  magnetic  excita¬ 
tion  in  an  anatomically  realistic  heterogeneous  human 
full-body  model. 

Although  standard  finite-difference  time-domain  codes 
are  powerful  and  general,  their  direct  application  to 
extremely  low-frequency  modelling  can  result  in  exces¬ 
sively  long  simulation  times  on  account  of  the  stability 
criterion.  For  linear  structures,  however,  it  has  recently 
been  demonstrated  [6]  that  the  use  of  a  time-ramped 
excitation  involving  pairs  of  oppositely-directed  plane 
waves,  can  lead  to  an  FDTD  method  that  yields  ELF 
fields  in  complex  heterogeneous  conducting  bodies,  in 
relatively  short  (5  ns)  simulation  times.  By  choos¬ 
ing  the  incident  polarization  appropriately,  it  is  pos¬ 
sible  to  treat  the  electric  and  magnetic  source  cases 
in  a  decoupled  manner,  as  is  desirable  in  a  quasi-static 
framework.  When  applied  to  a  human  full-body  model, 
the  numerical  FDTD  implementation  was  shown  [6] 
to  give  results  that  were  both  self-consistent,  and  in 
good  agreement  with  previously-published  data,  for 
both  electric  and  magnetic  excitation.  Nevertheless, 
as  with  any  numerical  model,  independent  verification 
of  the  numerical  results  is  of  utmost  importance. 

Interior  calculations  for  magnetic  sources  have  com¬ 
monly  been  carried  out  using  the  Impedance  Method, 
in  which  physical  electric  currents  are  represented  by 
fictitious  loop  currents  driven  by  the  electromotive 
forces  associated  with  the  time- varying  magnetic  flux. 
The  method  has  some  attractive  features.  It  can  han¬ 
dle  complex  heterogeneous  conductors,  and  gives  rise 
to  a  sparse,  naturally-preconditioned  matrix  system 
with  only  13  non-zero  diagonals.  For  the  case  of  a 
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magnetic  source,  the  forcing  terms  are  available  di¬ 
rectly  from  the  source  fields.  Solutions  can  be  obtained 
using  iterative  methods.  There  are  some  drawbacks, 
however.  Although  the  IM  can  be  modified  to  incor¬ 
porate  injected  currents,  the  result  is  not  a  comfort¬ 
able  match  —  fictitious  external  faces  must  be  added 
around  each  surface  node  to  support  the  partial  loop 
currents  that  comprise  the  true  injected  current,  and 
there  is  indeterminacy  in  the  representation  of  a  sin¬ 
gle  scalar  injection  current  in  terms  of  multiple  loop 
currents.  Moreover,  the  underlying  system  of  equa¬ 
tions  can  be  shown  to  be  highly  over-determined  and 
is  therefore  singular.  Nevertheless,  iterative  solution 
methods  such  as  successive  over-relaxation  can  in  prac¬ 
tice  converge  [3,  4,  5]  to  one  of  many  possible  solutions, 
and  the  indeterminacy  is  removed  in  the  differencing  of 
fictitious  loop  currents  to  yield  physical  edge  currents. 
Also,  in  the  case  of  multiply-connected  domains,  the 
method  must  be  modified  [7]  to  allow  for  generalized 
loop  currents  around  the  boundaries  of  insulating  in¬ 
clusions,  or  else  physically  incorrect  solutions  can  be 
obtained.  This  modification  becomes  particularly  oner¬ 
ous  in  three-dimensional  modelling,  but  is  nevertheless 
of  major  importance  in  human  body  modelling  —  in¬ 
sulating  cavities  occur  in  the  airways,  cranial  sinuses 
and  nasopharyngeal  cavities,  and  pockets  of  gas  may 
occur  in  the  digestive  tract. 

At  extremely  low  frequencies  (ELF),  electromagnetic 
induction  in  compact  isolated  conducting  bodies  can 
be  handled  by  a  simpler  and  more  attractive  scalar  po¬ 
tential  method.  The  indeterminacy  in  the  underlying 
equations  is  removed,  and  the  result  is  a  matrix  system 
which  is  approximately  a  factor  of  six  smaller  than  in 
the  impedance  method  formulation  of  the  same  prob¬ 
lem.  In  Stevenson’s  Method  [8],  the  electromagnetic 
fields  external  and  internal  to  the  conductor  can  each 
be  be  expanded  locally  in  a  power  series  in  frequency. 
The  lowest-order  internal  electric  field  is  proportional 
to  frequency,  and  is  driven  by  the  static  incident  com¬ 
ponents  of  the  (external)  electric  and  magnetic  fields. 
This  results  in  a  capacitive  component  associated  with 
the  surface  charge  density  induced  by  the  applied  elec¬ 
tric  field,  plus  a  system  of  eddy  currents  driven  by  the 
applied  magnetic  field.  If  a  vector  potential  for  the 
applied  magnetic  field  is  available,  it  is  possible  to  ex¬ 
press  the  internal  electric  field  solely  in  terms  of  a  static 
scalar  electric  conduction  potential.  This  potential  has 
two  forcing  terms,  one  associated  with  the  external 
surface  charges,  and  the  other,  which  is  distributed 
throughout  the  interior  of  the  conductor,  with  the  mag¬ 
netically  induced  electromotive  force.  Again,  as  with 
the  modified  FDTD,  it  is  possible  to  treat  electric  and 
magnetic  sources  in  a  decoupled  manner.  Since  the 


method  appears  to  be  less  well-known,  a  self-contained 
description  is  provided  in  Section  2.3.  The  correctness 
of  Stevenson’s  Method  can  be  illustrated  by  examining 
the  low-frequency  limit  of  canonical  problems,  such  as 
Mie  scattering  of  a  plane  wave  [8]  from  a  uniformly 
conducting  sphere. 

Section  3  presents  comparisons,  from  calculations  us¬ 
ing  the  FDTD  and  SPFD  methods,  of  the  electric  fields 
and  current  densities  induced  by  three  orthogonal  uni¬ 
form  magnetic  fields,  in  a  human  full-body  model  at 
7.2  mm  resolution.  Full  three-dimensional  correlation 
coefficients  of  better  than  0.999998  were  observed  be¬ 
tween  the  current  density  distributions  computed  by 
the  two  methods.  Individual  edge  electric  fields  typi¬ 
cally  agree  to  3  significant  digits.  In  a  companion  pa¬ 
per  [9],  further  validation  of  the  SPFD  method  results 
is  provided  by  a  comparison  with  an  analytical  solution 
for  low-frequency  magnetic  induction  in  a  equatorially- 
stratified  sphere. 


2  Description  of  the  Methods 

2.1  General  Description 

A  three-dimensional  domain  is  described  in  terms  of 
Cartesian  coordinates  (x,  y,  z)  with  associated  unit  vec¬ 
tors  {x,y,  i:},  so  that  a  typical  position  vector  is 
r  =  XX  +  yy  +  z  z,  A  compact  body,  having  a  max¬ 
imum  diameter  L  and  electrical  conductivity  and  per¬ 
mittivity  distributions  a{r)  and  e{r)  respectively,  is 
located  in  this  domain,  and  subjected  to  incident  time- 
harmonic  electric  and  magnetic  fields  (r)  and 
B^{r)  of  angular  frequency  a;. 

It  is  assumed  that  the  inducing  frequency  is  sufficiently 
low  (quasi-static)  that  the  body  is  much  smaller  than 
both  the  free-space  wavelength,  L  A  =  2'jr/ko  = 

27rc/u;  and  the  skin  depth,  L  5  =  [ojfjLQa{r)  /2] 
and  that  conduction  currents  completely  dominate  dis¬ 
placement  currents,  a{r)  ^  uj£{r).  The  permittivity 
distribution  plays  no  further  role  in  the  present  analy¬ 
sis.  Since  the  body  is  non-magnetic,  the  magnetic  per¬ 
meability  has  its  vacuum  value  //q  =  ^tt  x  Hm“^ 
everywhere.  Under  these  quasi-static  assumptions,  it 
is  known  that  the  internal  electric  field  is  in  quadrature 
with  the  applied  fields  [8]. 

The  task  is  to  compute  the  fields  induced  in  the  con¬ 
ductor  by  the  applied  fields.  The  solution  will  be  con¬ 
sidered  using  both  the  FDTD  and  SPFD  methods. 
In  both  methods,  the  three-dimensional  computational 
domain  is  discretized  into  a  uniform  set  of  elementary 
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parallelepipeds  or  voxels.  Within  each  voxel  the  electri¬ 
cal  properties  are  assumed  constant.  The  electric  fields 
are  defined  as  a  set  of  discrete  vectors  on  a  staggered 
array  defined  by  the  voxel  edges  [10],  with  field  values 
defined  at  the  edge  centers.  Representative  vectors  are 
depicted  in  Figure  1.  Magnetic  fields  are  defined  on  a 


Figure  1:  Representative  discrete  electric  and  magnetic 
field  vectors,  defined  on  conjugate  staggered  grids  as¬ 
sociated  with  the  voxel  edges  and  faces.  The  figure 
also  illustrates  representative  discrete  samples  of  the 
conduction  potential,  at  the  nodes  defined  by  the  voxel 
vertices. 

conjugate  mesh  defined  by  the  voxel  face-normals. 

In  the  full-wave  FDTD  method,  the  vector  electric  and 
magnetic  fields  are  solved  for  directly,  both  interior  and 
exterior  to  the  conductor,  by  time-stepping.  Absorbing 
boundaries  are  used  to  truncate  the  numerical  mesh. 

In  contrast,  the  potential  method  is  naturally  confined 
only  to  the  conductor  (see  Section  2.3),  with  potentials 
defined  at  the  vertices  of  the  voxels,  as  illustrated  in 
Figure  1.  It  will  be  seen  below  that  each  discrete  poten¬ 
tial  value  is  related  to  at  most  6  others,  so  that  the  un¬ 
derlying  matrix  system  has  only  7  non-zero  diagonals. 
Electric  fields  along  the  voxel  edges  are  computed  a 
posteriori,  using  finite  differences  of  the  potential  field. 

By  way  of  comparison,  it  may  be  noted  that  the 
impedance  method  (which  is  also  quasi-static)  works 
with  loop  currents  around  the  voxel  faces,  and  so  also 
is  an  intrinsically  vector  method.  The  final  reduction 
of  loop  currents  to  physical  edge  currents  yields  the 
current  density  components  along  the  voxel  edges,  as 
with  the  FDTD  and  SPFD  methods.  Each  loop  cur¬ 
rent  is  related  to  up  to  12  others,  leading  to  a  matrix 
with  13  non-zero  diagonals.  Moreover,  as  it  is  a  vector 
method,  the  number  of  unknowns  is  slightly  more  than 
3  times  as  great. 


The  primary  output  of  both  the  FDTD  and  SPFD 
codes  is  the  set  of  discrete  electric  vector  components. 
To  allow  for  physical  interpretation  of  the  results,  elec¬ 
tric  field  vectors  are  defined  at  the  voxel  centers  by 
averaging  the  three  sets  of  four  parallel  edge  compo¬ 
nents,  and  the  current  density  is  then  computed  by 
multiplication  by  the  voxel  conductivity. 

For  purposes  of  illustration,  the  methods  will  be  ap¬ 
plied  to  an  anatomically  realistic  human  full-body 
model,  which  is  described  in  detail  elsewhere  [6].  It 
is  a  composite  model,  incorporating  a  Yale  Medical 
School  [11]  head  and  torso  model,  augmented  with  legs 
and  arms  generated  in  our  laboratory  by  the  applica¬ 
tion  of  segmentation  algorithms  to  CT  and  MRI  data 
of  the  same  man,  obtained  from  the  Visible  Human 
Project  at  the  U.S.  National  Library  of  Medicine.  The 
tissue  conductivities  correspond  to  published  [12],  or 
where  applicable,  recently-measured  [13],  values.  Par¬ 
ticular  care  has  been  taken  to  ensure  the  correctness 
of  the  final  model,  verifying  for  example  such  items  as 
continuity  of  major  blood  vessels  and  bone  marrow, 
integrity  of  the  skin,  and  encapsulation  of  bone  mar¬ 
row  within  bone,  by  visualization  using  IBM’s  Data 
Explorer  program.  The  model  provides  a  suitable  com¬ 
plex  heterogeneous  domain  for  the  rigorous  comparison 
of  numerical  results.  The  original  3.6  mm  resolution 
was  decreased  to  7.2  mm  for  this  work.  The  end-result 
is  described  by  a  set  of  213, 782  cubic  voxels  with  7.2- 
mm  edges.  The  model  is  oriented  facing  the  y  direction 
with  the  long  axis  of  the  body  along  the  z  direction. 
The  source  fields  are  taken  to  be  uniform  magnetic,  at 
the  60-Hz  power  frequency. 


2.2  FDTD  Method 

The  finite-difference  time-domain  code  is  fully  de¬ 
scribed  and  illustrated  elsewhere  [6].  This  is  a  full- 
wave  vector  code,  modified  to  take  advantage  of  the 
fact  that  the  phase  of  the  external  and  internal  fields 
is  known  in  the  quasi-static  case.  Indeed,  fields  exte¬ 
rior  to  the  conductors  all  have  the  same  phase  as  the 
incident  field.  Interior  fields,  however,  are  first-order 
fields  in  the  quasi-static  approximation  and  are  pro¬ 
portional  to  the  time  derivative  of  the  incident  field. 
If  a  ramp  function  is  used  for  the  incident  field,  all 
fields  will  eventually  have  a  linear  (exterior)  or  con¬ 
stant  (interior)  behavior.  The  amplitude  of  the  fields 
can  then  be  read  directly  from  their  rate  of  change 
(exterior)  or  their  actual  values  (interior).  To  obtain 
a  solution,  it  is  therefore  sufficient  to  register  all  field 
values  on  two  subsequent  time  steps  after  the  tran¬ 
sient  response  has  decayed.  The  excitation  function 
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used  in  this  analysis  is  a  ramp  function  with  a  smooth 
start  to  avoid  high-frequency  contamination.  Absorb¬ 
ing  boundary  conditions  [14]  are  used  to  truncate  the 
numerical  domain.  On  account  of  the  retarded  na¬ 
ture  of  any  reflections  and  the  short  simulation  times, 
these  absorbing  boundaries  work  well  for  low-frequency 
evanescent  waves,  even  when  placed  close  to  the  con¬ 
ductor.  Another  feature  is  that  uniform  electric  and 
magnetic  sources  can  be  considered  in  isolation,  by  us¬ 
ing  oppositely-traveling  plane  waves  with  phases  and 
polarizations  adjusted  to  produce  either  uniform  elec¬ 
tric  or  magnetic  source  fields  in  the  region  of  the  con¬ 
ducting  body. 

2.3  SPFD  Method 

Under  the  present  quasi-static  assumptions,  Steven¬ 
son’s  method  [8]  can  also  be  applied.  Each  of  the 
incident,  scattered  and  interior  electromagnetic  fields 
can  be  expanded  near  the  conductor  in  a  power  se¬ 
ries  involving  the  parameter  {—iko),  where  ko  =  u:/c 
denotes  the  vacuum  wavenumber  of  the  fields,  and 

c  =  ^  2.998  x  10®  ms“^  is  the  vacuum  speed 

of  light.  As  explained  by  Van  Bladel  [8],  the  zeroth- 
order  interior  electric  field  in  the  series  expansion  is 
zero,  and  the  interior  magnetic  field  is  equal  to  the 
zeroth-order  applied  magnetic  field. 

The  first-order  interior  electric  field  has  two  sources. 
The  first  is  the  surface  charge  distribution  ps 
duced  by  the  zeroth-order  applied  electric  field  J5o(r’). 
The  second  source  is  the  applied  zeroth-order  exter¬ 
nal  magnetic  field  Bl{r),  which  gives  rise  to  the  eddy 
currents  that  form  the  main  focus  of  this  work. 

Mathematically,  the  first-order  internal  fields  E\{r) 
and  B\{r)  satisfy  the  differential  equations 

VxE\{r)  =  -iu;Bl{r) 

VxBl(r)  =  fio<r{r)E\{r) 

throughout  the  interior  of  the  body.  At  its  surface, 
where  the  outwardly-directed  unit  normal  vector  is 
n(r),  the  appropriate  boundary  condition  is 

cr{r)  n{r)  -EKr)  =  iupsoir) .  (2.2) 

Because  of  linearity,  the  contributions  arising  from  the 
applied  magnetic  and  surface  charge  forcing  can  be 
computed  independently,  by  alternatively  setting  ei¬ 
ther  the  external  magnetic  field,  or  the  surface  charge 
density  terms  above  to  zero.  The  ‘electric’  contribu¬ 
tion  will  be  ignored  for  the  remainder  of  this  work, 
and  the  main  focus  will  be  on  the  internal  electric  field, 


and  associated  current  density,  generated  by  the  mag¬ 
netic  source.  The  internal  first-order  magnetic  field  is 
strictly  dependent  on  the  internal  electric  field,  and  can 
be  computed  afterwards,  if  desired. 

The  problem,  therefore,  is  to  solve  the  differential  equa¬ 
tions 

VxE\{r)  =  -icjB^ir) 

V-[air)E\{r)]  =  0 

(which  are  just  the  first  member  of  equation  (2.1)  com¬ 
bined  with  the  divergence  of  the  second)  within  the 
body,  subject  to  the  boundary  condition 

n(r).Bi(r)  =0  (2.4) 

at  its  surface.  It  is  supposed  that  the  static  limit  of 
the  applied  magnetic  field  can  be  described  by  a  vector 
potential, 

BS(r)  =  Vx  Ao(r).  (2.5) 

It  then  follows  from  equation  (2.3)  that 

V  X  {jEj(r)  -h  za;Ao(r)}  =  0. 

Consequently,  the  term  in  braces  can  be  expressed  as 
the  negative  gradient  of  a  scalar  potential  ^(r),  and 
the  electric  field  has  the  representation 

E\{r)  =  —  V^(r)  —  iujAQ{r) .  (2.6) 

This  scalar  potential  must  then  satisfy  the  differential 
equation 

V.  [a{r)  VV;(r)]  =  V-  [-iu;a{r)  Ao{r)] ,  (2.7) 

subject  to  the  boundary  condition 

n(r)  •Vi/^(r)  =  —iu;n(r)  •Ao(r) .  (2,8) 

In  a  numerical  implementation,  the  potential  is  taken 
to  be  defined  at  the  voxel  vertices.  A  finite-difference 
approximation  for  equation  (2.7)  at  a  given  node  can 
then  be  constructed  by  an  application  of  the  diver¬ 
gence  theorem  to  an  imaginary  voxel  with  that  node 
at  its  centre.  It  is  convenient  to  adopt  a  local  indexing 
scheme,  where  the  target  node  is  labeled  0  and  both 
the  nodes  and  edges  connected  to  it  on  the  -j-x,  — x, 
+2/5  2tnd  — z  sides  are  indexed  from  1  to  6  re¬ 

spectively,  as  shown  in  Figure  2.  Quantities  associated 
with  nodes  or  edges  are  then  labeled  with  the  local  in¬ 
dex  of  the  associated  object.  With  this  shorthand,  a 
simple  finite  difference  equation 

6  \  6  6 

^  ^  S'p  I  '00  ^  ^  —  icO  ^  ^(  1)  S'pCf'Aof 

r=l  /  r=l  r=l 

(2.9) 
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results.  In  this  equation,  Ir  denote  the  various  edge 
lengths  in  the  local  indexing  scheme,  and  i4or  denotes 
the  component  of  the  external  magnetic  vector  poten¬ 
tial  tangent  to  the  edge,  evaluated  at  the  edge 
centre.  The  coefficients  are  the  edge  conductances 
Sr  =  ar  dr  where  ar  denotes  the  average  conductiv¬ 
ity  of  the  four  voxels  contacting  edge  r,  is  the  area  of 
the  voxel  face  normal  to  edge  r.  The  above  equations 
are  to  be  modified  in  an  obvious  manner  if  the  central 
point  is  connected  to  less  than  6  neighbouring  nodes  in 
the  conductor. 

When  this  equation  is  written  for  each  vertex  of  ev¬ 
ery  conducting  voxel  in  the  distribution,  the  result 
is  a  heptadiagonal  system  of  equations  of  the  form 
(N  —  E)y  =  /.  This  set  of  equations  is  diagonally 
dominant,  symmetric,  positive  semi-definite.  It  is  also 
singular,  since  the  potential  is  indeterminate  to  within 
an  additive  constant.  It  can  be  symmetrically  pre¬ 
conditioned  to  the  form  {I  —  A)  x  —  b,  where  A  = 

Ar-i/2£;jv-i/2^  y  =  Ar-i/2a;  and  b  =  The 

singularity  can  be  removed  by  augmenting  the  system 
with  an  equation  requiring  that  the  potential  have  zero 
mean.  The  net  result  of  augmentation  and  precondi¬ 
tioning  is  a  system,  based  on  a  symmetric  sparse  matrix 
with  two  borders,  that  is  amenable  to  solution  using  the 
conjugate  gradient  iterative  scheme. 


3  Results 

Results  computed  by  the  FDTD  code  for  incident  uni¬ 
form  magnetic  field  directed  along  the  three  Cartesian 
axes  are  described  in  detail  elsewhere  [6],  and  shown 
to  be  both  self-consistent  and  in  reasonable  agreement 
with  results  computed  by  other  methods.  In  these 


computations,  the  bounding  box  containing  the  body 
model  was  surrounded  by  a  single-voxel  air  layer,  and 
the  whole  surrounded  on  all  sides  by  a  15-voxel  thick 
absorbing  boundary.  Thus  the  calculations  were  per¬ 
formed  over  a  107  x  77  x  280  array,  for  an  overall  do¬ 
main  composed  of  2,  306,  920  voxels.  Each  run  em¬ 
ployed  4200  time  steps  of  1.2  ps,  for  a  total  simulation 
time  of  4.92  ns.  All  calculations  were  carried  out  on  a 
Hewlett-Packard  9000/735  Unix  workstation  with  336 
megab3^es  of  physical  memory.  Typical  computation 
times  were  of  the  order  of  18  hours. 

Results  were  also  computed  by  the  SPED  code,  for  the 
same  body  configuration  and  excitation  fields.  The  re¬ 
sulting  augmented  and  preconditioned  potential  matrix 
system  consisted  of  240, 883  unknowns,  and  was  found 
to  be  reliably  solvable  using  the  Conjugate  Gradient 
Method  (CGM)  [15]  from  the  PIM  [16]  package,  run¬ 
ning  in  sequential  mode  on  the  above-mentioned  work¬ 
station.  Typical  run  times  were  of  the  order  of  1  hour. 

As  noted  earlier,  electric  fields  and  current  densities 
were  defined  at  voxel  centers  using  edge-averaged  elec¬ 
tric  fields.  This  leads  to  fields  defined  for  every  voxel 
in  the  75  x  45  x  248-voxel  bounding  box  containing 
the  body  model,  and  the  calculations  can  be  compared 
voxel-by-voxel  throughout  the  conducting  voxels. 

To  illustrate  the  comparisons  obtained,  Figure  3  de¬ 
picts  the  results  in  a  horizontal  (left-to-right,  back-to- 
front)  cross-section  through  the  chest  area  (at  a  height 
z  =  1.357  m  above  the  lowest  conducting  voxel  face) 
of  the  model,  under  induction  by  an  x-directed  (left- 
to-right)  1  fiT  uniform  magnetic  field.  The  upper  left 
panel  of  the  figure  shows  the  magnitude  of  the  elec¬ 
tric  field  computed  by  the  SPFD  code,  while  the  lower 
left  panel  shows  the  magnitude  of  the  corresponding 
current  density.  The  upper  right  panel  shows  the  mag¬ 
nitude  of  the  voxel-wise  vector  difference  of  the  FDTD 
and  SPFD  electric  fields,  while  the  lower  right  panel 
displays  the  analogous  difference  of  the  current  den¬ 
sity.  Particular  attention  is  drawn  to  the  approxi¬ 
mately  three  orders  of  magnitude  difference  in  scale  be¬ 
tween  the  electric  field  and  the  electric  difference,  and 
nearly  four  orders  of  magnitude  for  the  corresponding 
current  density  plots. 

Figure  4  shows  a  current  density  comparison  along  a 
vertical  (back- to- front,  groin-to-head)  cross-section  (at 
a  distance  x  =  26.28  cm  from  the  leftmost  conducting 
voxel  face),  under  forcing  by  a  vertical  magnetic  field 
configuration. 

To  further  quantify  the  agreement  between  results  com¬ 
puted  by  the  two  methods,  a  set  of  scalar  descriptors 
is  provided  in  Table  I.  All  measures  are  taken  solely 
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Figure  3;  Comparison  of  the  SPFD  calculations  (left-hand  column)  and  voxel-wise  differences  between  the 
FDTD  and  SPFD  results  (right-hand  column)  in  a  horizontal  cross  section  through  the  chest.  The  60-Hz, 
l-fiT  magnetic  source  field  is  directed  from  left  to  right.  The  upper  left  panel  depicts  the  magnitude  of  the 
electric  held,  while  the  upper  right  panel  illustrated  the  magnitude  of  the  vector  difference.  The  lower  row 
portrays  analogous  data  for  the  current  density.  Note  the  factor  of  1000  difference  in  units  between  the  left- 
and  right-hand  units. 
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Figure  4:  Comparison  of  the  magnitudes  of  the  current  density  (left)  and  difference  (right)  fields  in  a  central 
vertical  cross-section,  for  a  vertical  60-Hz,  l-/iT  magnetic  source  field. 
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Field  : 

|E|  (/xVm- 

|J|  (/xAm 

"1 

Source  : 

Bx 

By 

B, 

Bx 

By 

B. 

i  Cor.  (%) 

99.05054 

99.79887 

99.63219 

99.99997 

99.99984 

99.99998 

Maximum 

123.0281 

756.7335 

104.7555 

70.7892 

75.6733 

31.5956 

FDTD 

Average 

15.0586 

20.4341 

13.3078 

2.8565 

3.9026 

2.4186 

Std.  Dev. 

27.8941 

39.1021 

24.4372 

5.7031 

7.8438 

4,7016 

Maximum 

81.9336 

758.5416 

104.7452 

70.7973 

75.8542 

31.5978 

SPFD 

Average 

14.9101 

20.3426 

13.2235 

2.8568 

3.9021 

2,4187 

Std.  Dev. 

27.6243 

38.9712 

24.3103 

5.7037 

7.8431 

4.7018 

Maximum 

123.0281 

83.9447 

67.7967 

0.0424 

0.1736 

0.0477 

A 

Average 

0.1484 

0.0916 

0.0842 

-0.0003 

0.0005 

-0.0001 

Std.  Dev. 

2.5218 

1.6959 

1.3614 

0.0033 

0.0102 

0.0019 

Table  I:  Electric  field  and  current  density  modulus  comparisons  for  three  orthogonal  (left-to-right,  back-to- 
front  and  foot-to-head)  1  /xT  uniform  magnetic  sources.  The  correlation  coefficient  for  each  field  type  relates 
the  FDTD  and  SPED  calculations.  The  remaining  rows  show  various  scalar  comparisons  between  the  two 
calculated  fields,  plus  measures  of  the  voxel-wise  difference  between  the  fields  computed  by  the  two  codes. 
All  measures  are  taken  solely  over  voxels  belonging  to  the  body  model. 


over  voxels  belonging  to  the  body  model,  i.e.  specif¬ 
ically  excluding  air  cells  external  to  the  body.  Scalar 
descriptors  include  the  voxel-wise  correlation  between 
between  the  FDTD  and  SPED  fields.  In  addition,  for 
each  method,  the  global  maximum  and  average  values 
are  tabulated,  as  well  as  the  standard  deviation.  The 
latter  is  included  purely  as  an  indicator  of  the  varia¬ 
tion  in  a  given  field,  not  as  a  statistical  measure.  These 
indicators  are  tabulated  for  the  FDTD  results  and  for 
the  SPED  computations,  as  well  as  to  the  difference 
(FDTD-SPFD)  fields.  These  comparisons  were  per¬ 
formed  for  the  magnitude  of  the  electric  field  and  cur¬ 
rent  density  distributions,  under  excitation  by  x-,  y- 
and  0-directed  60-Hz,  1-^T  uniform  magnetic  source 
fields. 

The  electric  field  measured  indicate  a  reasonable  agree¬ 
ment  between  the  methods,  with  the  global  measures 
(average  and  standard  deviation)  differing  only  in  the 
third  decimal  place.  The  smallest  electric  field  cor¬ 
relation  coefficient  is  99.05%,  for  the  x-directed  mag¬ 
netic  field.  The  peak  field  values  for  this  excitation  are 
also  in  poor  agreement.  On  closer  examination  how¬ 
ever,  it  turns  out  that  these  differences  are  entirely 
associated  with  the  occurrence  of  non-conducting  air 
and  gas  pockets  within  the  body.  The  electric  fields 
are  not  computed  and  are  automatically  set  to  zero 
within  such  non-conducting  volumes  in  the  numerical 
implementation  of  the  SPED  method.  In  the  FDTD 
method,  however,  fields  are  computed  at  all  voxels  in 
the  computational  domain.  The  physical  interpreta¬ 
tion  of  the  fields  within  interior  non-conducting  regions 
in  the  quasi-static  FDTD  code  has  not  yet  been  clari¬ 


fied. 

As  might  then  be  expected  and  is  verified  by  the  fig¬ 
ures,  the  additional  order  imposed  by  the  incorpora¬ 
tion  of  the  conductivity  distribution  and  its  associ¬ 
ated  removal  of  any  contributions  from  non-conducting 
cavities,  dramatically  improves  the  current  density 
correlation  coefficients  (the  smallest  of  which  is  now 
99.9998%),  as  well  as  the  overall  agreement  indicated 
by  the  various  scalar  measures.  The  peak  values  now 
differ  in  the  third  decimal  place  at  worst,  while  the 
global  measures  differ  in  the  fifth. 


4  Conclusions 

Two  distinct  numerical  methods,  namely  a  finite- 
difference  time-domain  code,  and  a  static  scalar  po¬ 
tential  finite-difference  code,  have  been  used  to  com¬ 
pute  the  magnetically-induced  electric  fields  and  cur¬ 
rent  densities  in  an  anatomically  reeJistic  heteroge¬ 
neous  human  full-body  model.  With  three  orthogonal 
source  orientations,  the  model  provides  a  rigorous  test 
of  the  methods  and  of  the  correctness  of  the  computer 
coding. 

In  all  cases,  the  minimum  full-body  three-dimensional 
voxel-wise  correlation  coefficient  for  the  electric  field 
magnitude  was  found  to  be  0.9905.  The  corresponding 
minimum  for  the  current  densities  was  0.999998.  A  va¬ 
riety  of  other  scalar  measures  verifies  the  high  degree 
of  agreement  that  was  obtained  using  the  two  methods. 
Any  significant  electric  field  differences  which  do  occur 
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are  attributable  to  the  presence  of  non-conducting  cav¬ 
ities  within  the  body,  where  the  SPFD  code  does  not 
presently  compute  electric  fields.  The  agreement  be¬ 
tween  the  current  density  fields  computed  by  the  two 
codes  is  excellent. 

While  the  resolution  is  still  rather  coarse  for  detailed 
organ  dosimetry,  and  there  is  the  possibility  of  appre¬ 
ciable  staircasing  errors  introduced  by  the  volumet¬ 
ric  discretization,  the  agreement  between  the  methods 
provides  a  degree  of  comfort  in  using  results  computed 
by  either  code. 
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Abstract 

This  paper  presents  a  detailed  comparison  of  numerical 
and  analytical  calculations  of  the  low-frequency  electric 
and  current  density  fields,  induced  by  an  applied  uniform 
axial  magnetic  field,  in  an  equatorially  stratified  sphere 
having  the  conductivity  distribution  <7{(p)  = 
with  p  e  {1,2}  and  A  >  0.  As  shown  by  the  ana¬ 
lytic  solution,  the  resulting  induced  fields  are  fully  three- 
dimensional,  and  the  model  therefore  serves  as  a  rigorous 
test  of  numerical  codes. 

The  numerical  method  is  a  scalar-potential  finite- 
difference  scheme  based  on  Stevenson’s  method  for  iso¬ 
lated  conducting  bodies.  This  computer  code  was  re¬ 
cently  shown  to  provide  excellent  agreement  with  results 
computed  independently  by  a  modified  Finite-Difference 
Time-Domain  method.  Nevertheless,  both  codes  share 
some  underlying  similarities,  such  as  their  common  use 
of  parallelepiped  material  voxels  to  represent  the  conduc¬ 
tivity  distribution,  and  of  an  edge-based  staggered  grid 
to  model  the  electric  fields.  Therefore,  it  is  of  value  to 
compare  the  numerical  results  with  analytic  ones. 

The  analytic  model  has  a  freely  adjustable  contrast  pa¬ 
rameter,  and  supports  both  tt-  and  27r-periodic  conduc¬ 
tivity  distributions.  Numerical  and  analytical  results 
are  compared  for  several  configurations.  Full  three- 
dimensional  volumetric  correlation  coefficients  are  typi¬ 
cally  of  the  order  of  99%  or  better.  As  might  be  expected, 
the  main  differences  occur  at  the  surface  of  the  sphere, 
where  the  true  circumferential  fields  are  most  poorly  ap¬ 
proximated  by  the  staircasing  approximation  inherent  in 
the  numerical  approximation. 


1  Introduction 

Accurate  numerical  modelling  of  electromagnetic  fields 
is  important  in  many  areas,  perhaps  particularly  in  the 


assessment  of  any  potentially  detrimental  health  effects 
of  power-frequency  electromagnetic  fields  on  humans,  if 
such  effects  are  related  to  the  induced  electric  fields  and 
currents  in  tissue. 

Among  the  numerical  methods  commonly  used  [1]  to 
model  extremely  low-frequency  (ELF)  electromagnetic 
fields  are  the  finite-difference  time-domain  (FDTD)  [2] 
method,  and  the  impedance  method  (IM)  [3,  4,  5].  Al¬ 
though  standard  FDTD  codes  are  powerful  and  general, 
their  direct  application  to  extremely  low-frequency  mod¬ 
elling  can  result  in  excessively  long  simulation  times  on 
account  of  the  stability  criterion.  With  appropriate  mod¬ 
ifications,  however,  FDTD  can  compute  accurate  decou¬ 
pled  electric  and  magnetic  ELF  fields  in  complex  het¬ 
erogeneous  conducting  bodies  in  relatively  short  (5  ns) 
simulation  times  [6].  The  IM  is  particularly  useful  for 
induction  by  magnetic  sources,  but  has  several  draw¬ 
backs  [7],  including  a  vastly  over-determined  matrix  sys¬ 
tem,  and  difficulties  in  handling  multiply-connected  do¬ 
mains  in  three-dimensional  modelling.  Both  the  FDTD 
and  IM  are  inherently  vector  codes,  which  can  limit  the 
size  of  the  problems  that  they  can  handle. 

It  was  recently  shown  [7]  that  ELF  modelling  in  com¬ 
pact  isolated  conducting  bodies  can  be  handled  by  a  sim¬ 
pler  and  more  attractive  scalar  potential  scheme  based 
on  Stevenson’s  Method  [8].  At  low  frequencies,  the  elec¬ 
tric  field  internal  to  the  conductor  can  be  represented  in 
terms  of  a  vector  potential  of  the  static  limit  of  the  ap¬ 
plied  magnetic  field,  plus  a  scalar  conduction  potential. 
The  excitation  for  the  conduction  potential  consists  of 
surface  injection  currents  driven  by  any  applied  electric 
field,  together  with  a  term  related  to  the  induced  electro¬ 
motive  force,  distributed  throughout  the  conductor  vol¬ 
ume,  driven  by  any  applied  magnetic  field.  The  method 
has  several  advantages.  The  indeterminacy  in  the  under¬ 
lying  equations  is  removed,  and  the  result  is  a  matrix  sys¬ 
tem  which  is  approximately  a  factor  of  six  smaller  than  in 
the  impedance  method  formulation  of  the  same  problem. 
By  choosing  the  source  term  appropriately,  it  is  possible 
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to  treat  electric  and  magnetic  sources  in  a  decoupled  man¬ 
ner.  Results  computed  by  a  numerical  implementation  of 
the  Scalar-Potential  Finite-Difference  (SPFD)  method  [7] 
in  a  human  full-body  model  at  7.2  mm  resolution  resulted 
in  a  3-significant  digit  agreement  with  modified  FDTD  [6] 
calculations  in  the  same  model. 

Although  the  modified  FDTD  and  SPFD  codes  use  dras¬ 
tically  different  formulations  (full-wave  vs.  static  poten¬ 
tial  descriptions),  they  nevertheless  share  some  underly¬ 
ing  similarities  in  their  numerical  approximations.  Both 
codes  use  parallelepiped  material  voxels  to  represent  the 
conductivity  distribution,  and  therefore  use  a  staircased 
approximation  of  the  actual  conductor  shape.  Both  use 
a  voxel-edge-based  staggered  grid  approximation  to  the 
electric  field.  Therefore,  it  is  of  considerable  value  to 
compare  the  numerical  results  with  analytic  ones. 

The  uniformly  conducting  spherical  model  commonly 
used  to  verify  ELF  magnetic  modelling  codes  is  in  fact 
not  a  rigorous  test.  The  induced  electric  field  is  essen¬ 
tially  the  applied  magnetic  vector  potential  in  this  case. 
The  calculation  of  the  loop  currents  in  an  IM  formulation 
is  therefore  essentially  devoted  to  calculating  the  (known) 
vector  potential. 

Recently,  it  was  shown  [9]  that  the  problem  of  induction 
by  a  uniform  axial  applied  magnetic  field  in  an  equatori- 
ally  stratified  sphere  having  the  conductivity  distribution 
a{(p)  =  with  p  e  {1,2}  and  A  >  0  can  be 

solved  analytically.  This  model  has  p  conductivity  max¬ 
ima  and  minima,  and  a  fireely  adjustable  contrast  param¬ 
eter.  In  the  case  p—1  and  as  viewed  in  the  plane  z  =  0, 
the  conductivity  has  a  single  minimum  on  the  positive  x 
axis  and  a  single  maximum  on  the  negative  x  axis.  For 
the  case  p  =  2,  there  are  two  minima,  located  on  the  posi¬ 
tive  and  negative  x-axes,  and  two  maxima,  located  on  the 
positive  and  negative  y-axes.  This  behaviour  is  depicted 
in  Figure  1.  The  associated  conduction  potential  is  en¬ 
tirely  related  to  the  conductivity  gradient,  and  provides 
the  deviation  in  the  fields  from  those  in  the  uniformly  con¬ 
ducting  case,  which  are  driven  only  by  the  applied  vector 
potential.  The  observed  current  distribution  for  moderate 
and  greater  conductivity  contrasts  typically  has  a  vortex, 
associated  with  each  conductivity  maximum,  which  inter¬ 
cepts  the  sphere  surface  at  high  latitudes.  The  fields  are 
fully  three-dimensional,  and  the  model  therefore  serves  as 
a  rigorous  test  for  numerical  codes. 

In  this  paper,  results  computed  by  the  SPFD  method 
are  compared  to  analytical  ones  for  several  values  of  the 
parameters.  It  will  be  seen  in  Section  3  that  the  nu¬ 
merical  and  analytical  results  are  generally  in  excellent 
agreement.  For  example,  full  three-dimensional  volumet¬ 
ric  correlation  coefficients  between  fields  are  mostly  of  the 
order  of  99%  or  better.  As  might  be  expected,  the  main 


-4  -2  0  2 


X 


Figure  1:  Polar  diagrams  of  representative  conductivity 
distributions  in  the  z  =  0  plane  for  ao  =  1  Sm"^  and 
A  =  1.  The  thin  black  curve  and  thick  gray  curve  pertain 
to  p  =  1  and  p  =  2  respectively.  The  units  indicated  on 
the  axes  are  Sm”^. 


differences  occur  at  the  surface  of  the  sphere,  where  the 
true  circumferential  fields  are  most  poorly  approximated 
by  the  staircasing  approximation  inherent  in  the  numeri¬ 
cal  approximation. 


2  Summary  of  the  SPFD  Method 
and  the  Analytical  Solution 

2.1  Stevenson’s  Method 

A  three-dimensional  domain  is  described  in  terms  of 
Cartesian  coordinates  (x,  p,  z)  with  associated  unit  vec¬ 
tors  {x,y,i;},  so  that  a  typical  position  vector  is  r  = 
XX  yy  +  zz,  A  compact  body,  having  a  maximum 
diameter  L  and  electrical  conductivity  and  permittivity 
distributions  a{r)  and  e{r)  respectively,  is  located  in  this 
domain,  and  subjected  to  incident  time-harmonic  elec¬ 
tric  and  magnetic  fields  and  of 

angular  frequency  u.  It  is  assumed  that  the  inducing 
frequency  is  sufficiently  low  (quasi-static)  that  the  body 
is  much  smaller  than  both  the  free-space  wavelength, 
L  <C  A  =  27r/fco  =  27rc/6(;  and  the  skin  depth,  L  6  = 

[a;po<^(^)  and  that  conduction  currents  completely 
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dominate  displacement  currents,  G{r)  >  uje{r).  The  per¬ 
mittivity  distribution  plays  no  further  role  in  the  present 
analysis.  Since  the  body  is  non-magnetic,  the  magnetic 
permeability  has  its  vacuum  value  /xq  =  47r  x  10"^  Hm“^ 
everywhere. 

Under  these  quasi-static  assumptions,  Stevenson’s 
method  [8]  can  be  applied.  Each  of  the  incident,  scattered 
and  interior  electromagnetic  fields  can  be  expanded  near 
the  conductor  in  a  power  series  involving  the  parameter 
(— ifeo),  where  ko  =  u/c  denotes  the  vacuum  wavenumber 

of  the  fields,  and  c  =  ^  2.998  x  lO^ms"^  is  the 

vacuum  speed  of  light.  As  explained  by  Van  Bladel  [8], 
the  zeroth-order  interior  electric  field  in  the  series  expan¬ 
sion  is  zero  due  to  the  induced  surface  charge  distribution, 
and  the  interior  magnetic  field  is  equal  to  the  zeroth-order 
applied  magnetic  field. 

If  the  external  zeroth-order  electric  field  is  ignored  (elec¬ 
tric  and  magnetic  fields  are  commonly  viewed  as  decou¬ 
pled  in  the  low  frequency  limit;  moreover,  by  choosing  the 
source  to  consist  of  two  plane  waves  propagating  in  oppo¬ 
site  directions  with  appropriate  phasing,  the  electric  fields 
can  be  made  to  cancel  in  the  vicinity  of  the  sphere  [6]), 
then  the  surface  charge  density  on  the  sphere  is  zero,  and 
the  complex  amplitude  of  the  first-order  internal  electric 
field  may  be  shown  [7,  8]  to  have  the  representation 

E{{r)  =  -VV^(r)  -  iu;Ao{r) ,  (2.1) 

where  Ao(t’)  is  a  vector  potential  for  the  zeroth-order 
applied  magnetic  field  amplitude, 

B^(r)  =  Vx  Ao(r).  (2.2) 

The  conduction  potential  has  to  satisfy  the  differential 
equation 

V-  [a(r)  VV^(r)]  =  V-  [-iua{r)  Ao(r)]  (2.3) 

(which  arises  from  the  condition  V-J  =  0),  subject  to 
the  boundary  condition  En  =  0,  i.e., 

n(r)  •Vt/?(r)  =  —iu;n{r)  •Ao(r)  (2.4) 

at  the  surface  of  the  body.  Additional  constraints  arise 
from  the  conditions  of  regularity  and  continuity  of  the 
electric  field  [8]. 

2.2  The  SPFD  Method 

In  the  numerical  implementation  of  the  SPFD  to  solve 
equations  (2.3)  and  (2.4),  the  three-dimensional  compu¬ 
tational  domain  is  discretized  into  a  uniform  set  of  ele¬ 
mentary  parallelepipeds  or  voxels.  Within  each  voxel  the 


electrical  properties  are  assumed  constant.  The  poten¬ 
tial  method  is  naturally  confined  only  to  the  conductor, 
with  potentials  defined  at  the  vertices  of  the  voxels.  The 
electric  fields  are  defined  as  a  set  of  discrete  vectors  on 
the  staggered  array  defined  by  the  voxel  edges,  with  field 
values  defined  at  the  edge  centers.  These  are  computed 
a  posteriori^  using  finite  differences  of  the  potential  field. 
To  allow  for  physical  interpretation  of  the  results,  electric 
field  vectors  are  defined  at  the  voxel  centers  by  averaging 
the  three  sets  of  four  parallel  edge  components.  The  mag¬ 
netic  vector  potential  contribution  indicated  in  eq.(2.1) 
must  also  be  included.  The  current  density  is  then  com¬ 
puted  by  multiplication  by  the  voxel  conductivity. 

A  finite-difference  approximation  for  equation  (2.3)  at  a 
given  node  can  be  constructed  by  an  application  of  the 
divergence  theorem  to  an  imaginary  shifted  voxel  with 
that  node  at  its  centroid.  It  is  convenient  to  adopt  a 
local  indexing  scheme,  where  the  target  node  is  labeled 
0  and  both  the  nodes  and  edges  connected  to  it  on  the 
-fx,  -X,  -f y,  ”2/,  -{’Z  and  —2;  sides  are  indexed  from  1  to  6 
respectively,  as  shown  in  Figure  2.  Quantities  associated 


z 


with  nodes  or  edges  are  then  labeled  with  the  local  index 
of  the  associated  object.  With  this  shorthand,  a  simple 
finite  difference  equation  results  : 

/  6  \  6  6 

(  I  -00  -  SriyApr  (2.5) 

\r=l  /  r=l  r=l 

In  this  equation,  iy  denotes  the  various  edge  lengths  in 
the  local  indexing  scheme,  and  Aor  denotes  the  compo¬ 
nent  of  the  external  magnetic  vector  potential  tangent  to 
the  edge,  evaluated  at  the  edge  centre.  The  coeffi¬ 
cients  are  the  edge  conductances  Sy  =  Oyayjty^  where  Oy 
denotes  the  average  conductivity  of  the  four  voxels  con¬ 
tacting  edge  r  and  Oy  is  the  area  of  the  voxel  face  normal 
to  edge  r.  The  above  equations  need  to  be  modified  in 
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an  obvious  manner  if  the  central  point  is  connected  to 
less  than  6  neighbouring  nodes  in  the  conductor.  It  may 
be  noted  here  that  the  above  equations  may  be  viewed 
as  modelling  a  Cartesian  lattice  of  resistors  associated 
with  the  voxel  edges,  and  in  this  sense,  the  induced  cur¬ 
rents  may  be  considered  to  be  confined  to  these  edges. 
This  point  of  view  has  consequences  for  the  surface  dis¬ 
crepancies,  observed  in  Section  3,  between  numerical  and 
analytic  calculations. 

When  equations  of  the  above  form  are  written  for  each 
vertex  of  every  conducting  voxel  in  the  distribution,  the 
result  is  a  heptadiagonal  system  of  equations  which  may 
be  written  as  {N  —  E)y  =  f.  This  set  of  equations  is  di¬ 
agonally  dominant,  S3rmmetric,  positive  semi-definite.  It 
is  also  singular,  since  the  potential  is  indeterminate  to 
within  an  additive  constant.  This  system  may  be  left- 
preconditioned  to  the  form  (7  —  N^^E)  y  =  or 

symmetrically  preconditioned  to  the  form  {I  -  A)  x  =  b^ 
where  A  =  77“* 1/2^  y  ^  j^-1/2^  and  6  =  iV-VS/. 
The  singularity  can  be  removed  by  augmenting  the  sys¬ 
tem  with  an  equation  requiring  that  the  potential  have 
zero  mean.  Either  form  is  well-suited  for  solution  on  a 
computer,  particularly  using  an  iterative  solvers  [10].  The 
restarted  Generalized  Minimum  Residual  method  con¬ 
verges  well  for  the  augmented  and  left-preconditioned  sys¬ 
tem.  However,  the  Conjugate  Gradient  Method  applied 
to  the  symmetrically-preconditioned  and  augmented  sys¬ 
tem  proved  to  be  the  most  efficient. 

2.3  The  Analytic  Solution 

It  is  assumed  that  the  zeroth-order  applied  field  is  uniform 
and  directed  along  the  z-axis, 

Blir)  =  Boz,  (2.6) 

so  that  a  suitable  vector  potential  is 

Ao(r)  =  i/jBor  sin^tp.  (2.7) 

The  conducting  body  is  specialized  to  a  sphere  of  radius  a, 
centred  at  the  origin,  and  having  the  particular  positive, 
periodic,  and  equatorially  stratified  conductivity  distri¬ 
bution 

a{^)  =  (2.8) 

with  p  6  {1, 2}  and  A  >  0.  This  model  has  p  conductivity 
maxima  and  minima  for  --Tr  <  (^  <  tt,  and  a  maximum 
conductivity  contrast  of  The  logarithmic  derivative 
of  the  conductivity  is 

s\(p)  =  cr'(v?)  /cr{(p)  =  Apsin  (p^) .  (2.9) 

Under  these  restrictions,  the  conduction  potential  satis¬ 
fies  the  differential  equation 

V.  [a{<p)  V^(r)]  =  -Ca\ip) ,  (2.10) 


where 

C  =  i(jjBQf2,  (2.11) 

The  external  boundary  (2.4)  condition  reduces  to 


di;{r)  /dr  =  0  (r  =  a)  (2.12) 


in  this  case,  since  the  magnetic  potential  is  everywhere 
tangent  to  the  sphere  surface. 

The  solution  to  this  problem  is  considered  in  detail  else¬ 
where  [9].  A  suitable  Green’s  function  can  be  constructed 
by  separation  of  variables,  and  a  closed  form  expression 
for  the  conduction  potential  can  then  be  derived.  The 
solution  has  the  form  of  the  expansion 

oo  ' 

^{r')  =  C  Y,  E 

t!7€{c,o}  m,n=0 

(2.13) 

where  the  prime  indicates  that  the  m  =  n  =  0  term  is 
to  be  omitted  from  the  sum.  Here  the  terms  F^{(p^) 
denote  the  even  and  odd  eigenfunctions  of  the  equatorial 
differential  equation 


[a{<p)  (¥>)]'  =  -n^cr{(p)  F^{ip) , 

under  the  boundary  conditions  of  periodicity 

(2.14) 

F^,{ip  +  2ir)  =  F^,{(p) , 

(2.15) 

and  regularity,  normalized  with  respect  to  the 
uct 

r+TT 

inner  prod- 

{f\9)^=  /  f{9’)9i‘p)d*P- 

J  — TT 

(2.16) 

In  the  case  p  =  2,  this  equation  has  both  7r-periodic  and 
27r-periodic  even  and  odd  eigenfunctions,  but  only  27r  pe¬ 
riodic  ones  in  the  case  p  =  1.  The  azimuthal  functions 
Qmn(^0  expression 


QZnie)  =  sin^  e  (cos  e)  (n  =  O,  l,  •  •  •) 

(2.17) 

in  terms  of  ultraspherical  polynomials,  and  p  denotes  any 
one  of  the  equatorial  eigenvalues.  The  denominator  scale 
factors  are  chosen  to  make  the  functions  orthonormal  with 
respect  to  the  inner  product 

{f\9)e=  f  f{0)g{6)  sine dff.  (2.18) 
7o 


The  radial  functions  appearing  in  the  potential  are 


=  |l-21n 


{u  =  2), 


(2.19) 
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and  have  zero  derivative  at  r'  =  a,  as  required.  The 
expansion  coefficients  in  the  potential  involve  integrals  of 
the  equatorial  and  azimuthal  eigenfunctions, 

W^^  =  (s'\F^)^{l\QZn)^-  (2.20) 

The  potential  can  be  differentiated  term-by-term  in 
spherical  coordinates  to  get  the  spherical  components  of 
the  electric  field.  These  can  then  be  converted  to  Carte¬ 
sian  components  for  comparison  with  the  SPFD  results. 

3  Results 

Comparisons  were  made  for  five  test  cases,  using  the  pa¬ 
rameters  shown  in  Table  I.  The  cases  cover  a  range  of 
conductivity  contrasts  for  the  case  of  a  TT-periodic  {p  =  2) 
conductivity  distribution,  and  a  single  run  with  a  27r- 
periodic  (p  =  1)  conductivity  distribution.  The  actual 
values  of  the  conductivity  scale  ao  and  sphere  radius  a 
are  relatively  imimportant  —  they  essentially  reduce  to 
an  overall  scale  factor  for  the  calculated  fields.  The  table 
indicates  the  minimum  and  maximum  conductivity  val¬ 
ues,  as  well  as  the  contrast  parameter  (which  is  the  ratio 
of  maximum  conductivity  value  to  the  minimum,  and  is 
given  by  e^^).  Runs  A  through  D  of  the  SPFD  code  used 
N  =  100  voxels  to  span  the  sphere  diameter,  while  Run  E 
was  done  at  higher  resolution,  using  150  voxels.  The  code 
embeds  the  conductor  in  a  parallelepiped-shaped  bound¬ 
ing  box,  with  an  extra  layer  of  air  added  on  all  sides  for 
bookkeeping  purposes.  The  row  labeled  “Nodes  (total)” 
indicates  the  number  of  nodes  (located  at  voxel  vertices) 
in  the  bounding  box,  which  is  103^  for  Runs  A  through 
Z),  and  153^  for  Run  E.  Equations  are  written  only  of 
those  nodes  contacting  at  least  one  conducting  voxel.  The 
resulting  number  of  equations  is  indicated  in  the  row  la¬ 
beled  “Nodes  (active)”.  In  all  cases,  the  inducing  field 
was  a  60-Hz,  1-T  uniform  magnetic  field  directed  along 
the  2-axis. 

All  SPFD  calculations  were  carried  out  on  a  Hewlett- 
Packard  9000/735  Unix  workstation  with  336  megabytes 
of  physical  memory.  As  indicated  in  the  Introduction,  the 
SPFD  conduction  potential  matrix  system  was  found  to 
be  reliably  solvable  using  either  the  restarted  Generalized 
Minimal-Residual  Method  (GMRES)  or  the  Conjugate 
Gradient  Method  [11]  from  the  PIM  package  [10],  running 
in  sequential  mode  on  the  above-mentioned  workstation. 
The  latter  was  found  to  have  the  better  performance.  The 
primary  output  of  the  code  is  the  values  of  the  conduc¬ 
tion  potential  at  the  conducting  voxel  vertices.  Finite 
differences  lead  to  electric  field  contributions  defined  at 
the  voxel  edges.  These  are  then  shifted  to  the  voxel  cen¬ 
troids  using  averages  of  the  four  edge  fields  parallel  to 


each  Cartesian  axis.  Pull  electric  fields  are  then  calcu¬ 
lated  by  inclusion  of  the  applied  magnetic  vector  poten¬ 
tial,  as  indicated  in  eq.(2.1).  Current  densities  are  simply 
obtained  by  multiplication  of  the  resulting  voxel  electric 
field  by  the  voxel  conductivity.  The  corresponding  ana¬ 
lytical  fields  can  be  computed  at  the  same  locations,  and 
the  two  calculations  compared  pointwise. 

Figures  3,  4  and  5  present  a  graphical  comparison  of  the 
fields  for  Run  E,  in  the  three  principal  Cartesian  planes. 
The  upper  left  panel  of  each  figure  shows  the  modulus  of 
the  electric  field  as  computed  using  the  analytic  solution, 
while  the  lower  left  panel  shows  the  associated  current 
density.  The  right-hand  panels  depict  the  voxel-wise  dif¬ 
ference  of  the  absolute  values  of  the  analytically  and  nu¬ 
merically  calculated  results.  It  is  evident  that  although 
the  individual  errors  can  be  fairly  large  (for  example,  of 
the  order  of  25%  in  the  2  =  0  plane  of  Figure  3,  and  10% 
in  the  y  =  0  and  x  =  0  planes  of  Figures  4  and  5  respec¬ 
tively),  they  are  almost  entirely  confined  to  the  surface  of 
the  sphere.  In  the  analytic  solution,  the  surface  fields  are 
tangential  to  the  sphere,  whereas  in  the  staircased  numer¬ 
ical  approximation,  they  are  essentially  confined  to  the 
voxel  edges.  It  may  be  noted  that  the  conducting  edge- 
based  path  length  between  nodes  at  opposite  vertices  of  a 
given  face  (voxel)  is  a  factor  of  ^/2  =  1.414  {y/3  =  1.732) 
times  greater  than  the  corresponding  hypotenuse.  This 
effectively  changes  the  various  resistances  in  the  numeri¬ 
cal  model  relative  to  the  analytic  one.  The  larger  surface 
errors  are  therefore  perhaps  not  too  surprising.  Notice¬ 
able  differences  also  occur  near  the  2-axis,  where  the  dis¬ 
crete  conductivity  values  inherent  in  the  numerical  model 
most  poorly  approximate  the  true  distribution. 

Analogous  illustrations  of  the  fields  for  the  27r-periodic 
conductivity  distribution  of  Run  B  are  presented  in  Fig¬ 
ures  6  through  8.  The  error  pattern  is  similar  to  those 
observed  in  Run  E,  again  being  largely  confined  to  the 
surface  of  the  conductor. 

To  further  quantify  the  agreement  between  results  com¬ 
puted  by  the  two  methods,  a  set  of  scalar  comparison 
descriptors  is  provided  for  the  five  runs  in  Tables  II 
through  VI.  All  measures  are  taken  solely  over  conduct¬ 
ing  voxels.  The  scalar  descriptors  include  the  voxel-wise 
correlation  (“cor.”)  between  the  analytical  and  numeri¬ 
cal  fields.  In  addition,  for  each  method,  the  global  mini¬ 
mum  (“min.”),  maximum  (“max.”)  and  average  (“avg.”) 
values  are  tabulated,  as  well  as  the  standard  deviation 
(“var.”).  The  latter  is  included  purely  as  an  indicator 
of  the  variation  in  a  given  field,  not  as  a  statistical  mea¬ 
sure.  These  four  indicators  are  tabulated  for  the  analyt¬ 
ical  (“A”)  results  and  for  the  numerical  (“N”)  compu¬ 
tations,  as  well  as  to  the  voxel- wise  ‘difference  (analytical 
minus  numerical,  labelled  “A” )  fields.  Finally,  these  com- 
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Run 

A 

B 

C 

D 

E 

P 

2 

1 

2 

2 

2 

X 

3.00 

1.50 

2.00 

0.35 

1.61 

(To  (Sm'-^) 

0.20 

0.22 

0.14 

0.71 

0.20 

<^min  (Sm  ^) 

0.01 

0.05 

0.02 

0.50 

0.04 

(^max  (Sm“l) 

4.02 

1.00 

1.00 

1.00 

1.00 

Contrast 

403.43 

20.09 

54.60 

2.00 

25.00 

a 

0.50 

0.50 

0.25 

0.50 

0.50 

N 

100 

100 

100 

100 

150 

Nodes(total) 

1092727 

1092727 

1092727 

1092727 

3581577 

Nodes(active) 

547865 

547865 

547865 

547865 

1822023 

Table  I:  Parameters  used  for  the  five  comparison  runs. 


parisons  were  performed  for  each  Cartesian  component 
and  magnitude  of  the  electric  field  and  current  density 
distributions.  Electric  field  and  current  density  values  are 
in  Vm“^  and  Am^^  respectively.  In  all  cases,  excitation 
is  by  a  vertical  1-T,  60-Hz  uniform  magnetic  field. 

Table  II  details  the  comparisons  between  the  numeri¬ 
cal  and  analytical  calculations  for  the  high-contrast  tt- 
periodic  conductivity  distribution  of  Run  A.  The  com¬ 
parisons  appear  to  be  worse  in  the  pointwise  comparators 
(maximum  and  minimum).  For  example,  the  worst  agree¬ 
ment  is  in  the  x  component  of  the  electric  field.  However, 
the  agreement  is  somewhat  better  (about  11%)  for  the 
dominant  peak  values  of  the  y-component  (which  is  re¬ 
quired  to  drive  the  circumferential  current  flow  through 
the  conductivity  minima  at  (p  =  0,±7r),  and  the  error 
in  the  peak  field  amplitude  is  about  13%.  This  is  not 
surprising  —  the  numerical  electric  fields  are  derived  in 
part  from  the  conduction  potential,  which  is  generated 
iteratively  as  the  solution  of  a  global  set  of  linear  equa¬ 
tions.  The  solution  minimizes  the  residual  over  all  nodes, 
and  the  larger  numerical  values  may  be  expected  to  affect 
smaller  ones.  There  are  also  large  discrepancies  evident  in 
the  difference  comparators.  Similar  remarks  apply  to  the 
current  density,  although  the  agreement  is  slightly  better. 
For  example,  the  error  in  the  maximum  current  density 
amplitude  is  about  8.6%.  Note  that  the  peak  current  den¬ 
sities  appear  in  the  x-component  and  are  associated  with 
the  conductivity  maxima. 

The  agreement  is  markedly  better  in  the  global  field  com¬ 
parators.  For  example,  the  average  and  standard  devia¬ 
tion  differ  in  only  the  third  significant  digit  for  both  the 
electric  and  current  density  fields.  The  three-dimensional 
correlation  coefficients  for  the  electric  field  and  current 
density  amplitudes  between  the  two  methods  are  99.977% 
and  99,948%  respectively.  The  poorest  per-component 


electric  correlation  coefficient  of  98.911%  is  obtained  for 
the  vertical  electric  field  (which  is  entirely  absent  in  the 
uniformly  conducting  sphere  model). 

Similar  comments  generally  apply  to  the  remaining  four 
runs.  There  are  perhaps  only  two  features  worthy  of  fur¬ 
ther  explicit  comment.  The  first  concerns  the  poor  corre¬ 
lations  85%)  for  the  vertical  electric  field  and  current 
density  components  in  Run  D  as  indicated  in  Table  V. 
This  run  has  a  very  low  (2:1)  conductivity  contrast,  and 
the  vertical  components  are  small  (about  4%)  compared 
to  the  peak  magnitudes.  Evidently,  the  vertical  numeri¬ 
cal  fields  are  somewhat  affected  by  the  larger  horizontal 
values  in  the  iterative  solution.  Nevertheless,  the  global 
field  comparators  still  indicate  excellent  agreement  be¬ 
tween  the  two  methods.  The  second  point  concerns  the 
effect  of  higher  resolution  on  the  numerical  solution  in 
Run  E  and  Table  VI.  The  addition  of  50%  more  voxels 
along  each  axis  leads  to  over  3  times  as  many  unknowns 
in  the  linear  system.  The  global  comparators  are  per¬ 
haps  only  slightly  better  than  for  the  other  four  runs. 
The  peak  values  are  not  generally  better-matched,  and 
the  effects  of  the  staircasing  approximation  to  the  sphere 
surface  still  dominate  the  peak  errors.  Further  improve¬ 
ment  in  the  agreement  would  require  the  use  of  conformal 
meshing  [12],  for  example,  at  the  cost  of  additional  coding 
complexity. 


4  Closing  Remarks 

This  paper  has  presented  a  rigorous  comparison  between 
fully  three-dimensional  extremely  low-frequency  electro¬ 
magnetic  fields  calculated  by  a  scalar  potential  finite- 
difference  numerical  code  and  an  analytical  solution.  The 
model,  consisting  of  an  equatorially  stratified  sphere  im- 
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Figure  3:  Field  cross  sections  in  the  plane 
z  =  0  for  Run  E  (where  p~  2). 


Figure  4:  Field  cross  sections  in  the  plane 
y  =  0  for  Run  E, 


Field  : 

E« 

E, 

|E| 

Cor.  (%) 

99.752 

99.972 

98.911 

99.977 

Min. 

-51.27 

-250.67 

-27.34 

0.00 

Max. 

51.27 

250.67 

27.34 

250.68 

Avg. 

0.00 

0.00 

0.00 

35.78 

Var. 

14.28 

65.65 

5.10 

57.09 

Min. 

-94.27 

-278.01 

-35.76 

0.00 

Max. 

94.27 

277.86 

35.76 

283.32 

Avg. 

0.00 

-0.02 

0.00 

35.71 

Var. 

14.28 

65.54 

5.12 

57.01 

Min. 

-64.67 

-73.66 

-29.02 

-61.05 

Max. 

64.67 

73.75 

29.02 

57.93 

Avg. 

0.00 

0.02 

0.00 

0.06 

Var. 

1.01 

1.55 

0.75 

1.44 

Field  : 

J. 

Ju 

Jz 

iJi 

Cor.  (%) 

99.889 

99.924 

99.043 

99.948 

Min. 

i  -152.12 

-53.58 

-24.72 

0.00 

Max. 

152.12 

53.58 

24.72 

152.13 

Avg. 

0.00 

0.00 

0.00 

10.42 

Var. 

16.73 

14.54 

3.06 

19.80 

Min. 

-160.95 

-61.12 

-26.28 

0.00 

Max. 

160.94 

61.11 

26.27 

164.85 

Avg. 

0.00 

0.00 

0.00 

10.40 

Var. 

16.65 

14.54 

3.05 

19.74 

Min. 

-46.60 

-42.60 

-18.38 

-37.58 

Max. 

46.62 

42.61 

18.37 

35.82 

Avg. 

0.00 

0.00 

0.00 

0.02 

Var. 

0.79 

0.57 

0.42 

0.72 

Field  : 

Ey 

E, 

|E| 

Cor.  (%) 

99.930 

99.964 

98.726 

99.973 

Min. 

-91.29 

-141.05 

-15.83 

0.00 

Max. 

91.29 

66.25 

15.83 

141.06 

Avg. 

0.00 

-17.92 

0.00 

31.89 

Var. 

26.79 

39.15 

3.60 

39.59 

Min. 

-114.65 

-174.31 

-21.58 

0.00 

Max. 

114.66 

81.34 

21.58 

177.72 

Avg. 

0.00 

-17.89 

0.00 

31.84 

Var. 

26.74 

39.08 

3.62 

39.53 

Min. 

-39.88 

-45.83 

-18.89 

-38.24 

Max. 

39.88 

36.43 

18.89 

36.44 

Avg. 

0.00 

-0.03 

0.00 

0.05 

Var. 

1.00 

1.15 

0.58 

1.19 

Field  : 

Jx 

Jz 

|J| 

Cor.  (%) 

99.927 

99.926 

98.589 

99.957 

Min. 

-31.88 

-30.05 

-6.14 

0.00 

Max. 

31.88 

65.85 

6.14 

65.97 

Avg. 

0.00 

0.00 

0.00 

7.54 

Var. 

8.27 

10.39 

1.13 

10.98 

Min. 

-40.07 

-30.03 

-8.95 

0.00 

Max. 

40.07 

79.92 

8.95 

81.55 

Avg. 

0.00 

0.00 

0.00 

7.53 

Var. 

8.26 

10.36 

1.14 

10.96 

Min. 

-19.12 

-17.06 

-8.79 

-17.91 

Max. 

19.12 

21.67 

8.78 

16.91 

Avg. 

0.00 

0.00 

0.00 

0.01 

Var. 

0.32 

0,40 

0.19 

0.39 

Table  II:  Electric  field  (top)  and  current 
density  (bottom)  comparisons  for  Run  A. 
See  the  text  for  further  information. 


Table  III:  As  Table  II,  but  for  Run  B. 


Figure  8:  Field  cross  sections  in  the  plane 
Figure  7:  Field  cross  sections  in  the  plane  x  =  0  for  Run  B. 

2/  =  0  for  Run  B. 


Field  : 

Ea: 

Ey 

Ez 

|E| 

Cor.  (%) 

99.863 

99.978 

98.853 

99.981 

Min. 

-55.12 

-176.58 

-17.37 

0.00 

Max. 

55.12 

176.58 

17.37 

176.59 

A 

Avg. 

0.00 

0.00 

0.00 

32.00 

Var. 

14.31 

53.19 

3.45 

44.97 

Min. 

-72.51 

-214.41 

-26.73 

0.00 

Max. 

72.51 

214.39 

26.73 

218.18 

N 

Avg. 

0.00 

0.00 

0.00 

31.97 

Var. 

14.29 

53.14 

3.47 

44.93 

Min. 

-50.21 

-54.69 

-24.24 

-47.80 

Max. 

50.21 

54.70 

24.24 

45.31 

A 

Avg. 

0.00 

0.00 

0.00 

0.03 

Var. 

0.75 

1.12 

0.52 

1.07 

Field  : 

Jy 

Jz 

|J| 

Cor.  (%) 

99.930 

99.957 

99.124 

99.966 

Min. 

-49.91 

-15.45 

-6.12 

0.00 

Max. 

49.91 

15.45 

6.12 

49.91 

A 

Avg. 

0.00 

0.00 

0.00 

5.69 

Var. 

7.16 

6.31 

0.98 

7.72 

Min. 

-59.22 

-20.13 

-7.79 

0.00 

Max. 

59.22 

20.13 

7.79 

60.34 

N 

Avg. 

0.00 

0.00 

0.00 

5.68 

Var, 

7.14 

6.31 

0.98 

7.71 

Min. 

-15.43 

-14.60 

-6.96 

-13.54 

Max. 

15.43 

14.60 

6.97 

12.69 

A 

Avg. 

0.00 

0.00 

0.00 

0.01 

Var. 

0.27 

0.19 

0.13 

0.25 

Table  VI:  As  Table  II,  but  for  Run  E. 


mersed  in  an  axial  quasi-uniform  magnetic  field,  has  a 
complex  field  pattern  with  a  curved  vortex  system  as¬ 
sociated  with  each  conductivity  maximum.  In  particular, 
significant  vertical  fields  can  occur,  in  contrast  to  the  uni¬ 
formly  conducting  case.  It  has  been  shown  that  the  nu¬ 
merical  solution  generally  provides  excellent  global  agree¬ 
ment,  apart  fi:om  significant  discrepancies  at  the  sphere 
boundary.  Here  the  staircasing  approximation  inherent  in 
the  Cartesian-coordinate-based  numerical  code  provides  a 
poor  representation  to  the  true  tangential  current  paths, 
and  so  leads  to  the  observed  errors. 

Acknowledgment  : 

The  authors  thank  the  anonymous  reviewers  for  their  sug¬ 
gested  improvements  to  this  paper.  The  financial  support 
of  this  research  by  NSERC,  B.C.  Hydro,  TransAlta  Util¬ 
ities  and  Ontario  Hydro  is  gratefully  acknowledged. 


References 

[1]  Om  P.  Gandhi.  Some  numerical  methods  for  dosime¬ 
try:  Extremely  low  frequencies  to  microwave  fre¬ 
quencies.  Radio  Science^  30(1):16I-177,  January- 
February  1995. 

[2]  Om  P.  Gandhi  and  Jin-Yuang  Chen.  Numerical 
dosimetry  at  power-line  frequencies  using  anatom¬ 
ically  based  models.  Biolelectromagnetics  Supple¬ 
ment,  1:43-60,  1992. 


80 


[3]  Om  P.  Gandhi,  John  F.  DeFord,  and  Hiroshi  Kanai. 
Impedance  method  for  calculation  of  power  depo¬ 
sition  patterns  in  magnetically  induced  hyperther¬ 
mia.  IEEE.  Trans.  Biomedical  Engineering,  BME- 
31(10):644-651,  October  1984. 

[4]  Niel  Orcutt  and  Om  P.  Gandhi.  A  3-D  impedance 
method  to  calculate  power  deposition  in  biological 
bodies  subjected  to  time  varying  magnetic  fields. 
IEEE.  Trans.  Biomedical  Engineering,  35(8):577- 
583,  August  1988. 

[5]  Weiguo  Xi,  Maria  A.  Stuchly,  and  Om  P.  Gandhi.  In¬ 
duced  electric  currents  in  models  of  man  and  rodents 
from  60  Hz  magnetic  fields.  IEEE  Trans.  Biomed. 
Eng.,  BME-41(11):1018-1023,  1994. 

[6]  Jan  De  Moerloose,  Trevor  W.  Dawson,  and  Maria  A. 
Stuchly.  Application  of  FDTD  to  quasi-static  field 
analysis.  Radio  Science,  1996.  (manuscript  submit¬ 
ted  for  publication). 

[7]  Trevor  W.  Dawson,  Jan  De  Moerloose,  and  Maria  A. 
Stuchly.  Comparison  of  magnetically  induced  ELF 
fields  in  humans  computed  by  FDTD  and  scalar  po¬ 
tential  FD  codes.  Applied  Computational  Electro¬ 
magnetics  Society  Journal,  1996.  (manuscript  ac¬ 
cepted  for  publication). 

[8]  J.  Van  Bladel.  Electromagnetic  Fields.  Hemisphere 
Publishing  Corporation,  Washington  D.C.,  revised 
printing  edition,  1985. 

[9]  Trevor  W.  Dawson  and  Maria  A.  Stuchly.  An  ana¬ 
lytic  solution  for  verification  of  computer  models  for 
low-frequency  magnetic  induction.  Radio  Science, 
1996.  (manuscript  submitted  for  publication). 

[10]  R.D.  da  Cunha  and  T.R.  Hopkins.  PIM  2.0  :  Par¬ 
allel  Iterative  Methods  package  for  systems  of  linear 
equations;  (FORTRAN  77  version),  1993.  ©1993 
R.D.  da  Cunha,  T.R.  Hopkins  and  Computing  Lab¬ 
oratory,  University  of  Kent  at  Canterbury,  Canter¬ 
bury,  U.K.  and  Centro  de  Processamento  de  Dados, 
Universidade  Federal  do  Rio  Grande  do  Sul,  Porto 
Alegre,  Brasil. 

[11]  John  L.  Volakis.  EM  programmer’s  notebook.  IEEE 
Antennas  and  Propagation  Magazine,  37(6):94-96, 
1995. 

[12]  Richard  Holland.  Pitfalls  of  staircase  meshing.  IEEE 
Trans.  Electromagn.  Compat,  35(4):434~439,  1993. 


81 


The  Gradient  Associated  Conjugate  Direction  Method 
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Notkestrasse  85,  22603  Hamburg,  Germany 


Abstract 

A  new  conjugate  direction  (CD)  based  method,  GaCD  by  name,  is  addressed  with  its  full 
derivations.  Comparison  with  some  commonly  used  CD  methods  is  made,  concluding  that 
the  GaCD  method  is  among  the  best  of  them,  in  terms  of  an  assessment  number.  A  practical 
example  is  presented  in  which  a  waveguide- microstrip  transition  section  is  optimized  with 
respect  to  its  transmission  parameter  521.  The  measurement  of  the  transition  agrees  very 
well  with  the  numerical  results. 


1  Introduction 

A  numerical  optimization  procedure  can  be  divided  into  two  distinctive  parts:  local  extrema  search 
and  global  area  search,  which  is  really  necessary  for  most  practical  optimization  problems.  In  its 
analytical  counterpart,  however,  there  will  be  no  such  clear  classification.  There,  the  determination 
of  the  global  optimum  is  done  relatively  explicitly. 

Here  we  will  only  concentrate  on  the  local  extrema  search  phase.  As  known,  in  a  certain  close 
vicinity  of  a  local  extremum,  the  goal  function  in  question  can  be  well  approximated  by  an  ap¬ 
propriate  quadratic  function,  say,  the  2nd  order  approximation  of  its  Taylor’s  expansion  series  at 
that  point. 

For  quadratic  functions,  there  is  a  unique  property  that  if  there  exist  n  conjugate  directions, 
at  most  n  Id  (one-dimensional)  extrema  searches  along  these  directions  are  needed  before  the 
function’s  extremum  is  reached.  This  property  is  usually  referred  to  as  quadratic  convergence  or 
quadratic  cut-off. 

Based  on  this  property,  there  developed  a  cIclss  of  optimization  methods,  which  are  usually  desig¬ 
nated  by  the  name  of  ’’Conjugate  Direction”  (CD)  methods,  e.g.  DFP,  Fletcher-Reeves,  Powell, 
Daniel,  Sorenson- Wolfe,  etc  [1]. 

In  all  the  CD-derived  methods,  the  key  point  is  how  to  generate  successively  linearly  independent 
search  directions,  which  are  conjugate  to  one  another.  In  the  GaCD  method  here,  the  gradient 
”G”  of  the  goal  function  is  used  for  providing  an  offset  from  current  optimization  point,  which 
will  never  degenerate  to  zero  unless  a  stagnation  point  has  been  reached.  The  offset  serves  as 
an  indispensable  ingredient  for  generating  a  next  conjugate  direction  in  this  method.  The  above 
statements  hold  exactly  true  at  least  when  the  method  is  applied  to  the  quadratic  functions. 
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2 


The  GaCD  Method 


2.1  Preliminaries 


Any  n  dimensional  quadratic  functions  can  be  written  in  the  following  form: 

^l(X)  =  ix^HX  +  b^X  +  c  (X€3?").  (1) 

H  is  an  n  x  n  positive-definite  symmetric  matrix.  Therefore  the  function  has  one  minimum 
point  which  is  denoted  by  X*.  X  and  b  are  n-dimensional  vectors;  c  is  a  constant;  T  denotes 
transposition. 


Conjugate:  If  there  exist  two  n-dimensional  vectors  P,  and  Pj,  and  they  fulfill: 

PfHP,  =0,  PfHPi^O,  and  PJHP,- #  0,  (2) 

then  the  two  vectors  P*-  and  Pj  are  called  conjugate  to  each  other  with  respect  to  H,  or  simply, 
H.- conjugate. 

Definitions  below  will  be  used  throughout  the  derivation: 


Qi  =  Vg{Xi)  =  HXi  -f  b,  (3) 

1^2  =  Qi+i  Qt?  (4) 

v^g{Xi)  -  V .  vg{Xi)  =  h.  (5) 


Let  us  assume  that  (z  —  1,2,  •  •  • ,  n)  are  n  H-conjugate  vectors.  Since  H-conjugate  vectors  are 
linearly  independent  of  one  another,  X*  can  be  expressed  with  the  n  H-conjugate  vectors  in  the 
following  form: 

X-  =  EA*P.-,  (6) 

t=l 

with  A*  {i  =  1,2,  ••  •  ,n)  being  coefficients  to  be  determined.  Since  X*  is  an  extremum  point,  it 
satisfies 

Va(X*)  =  0,  i.e.  (7) 

HX*  -h  b  =  0.  (8) 

Substituting  X*  in  Eq.  8  with  Eq.  6  yields 

H(EA-Pij+b  =  0.  (9) 

Using  the  conjugate  property  (Eq.  2),  we  obtain 


Pfb 

PfHP, 


(10) 


Now  the  key  point  is  how  to  find  out  H  and  b.  For  large  dimensional  problems,  finding  them  is 
almost  impossible  or  too  time-consuming.  Thus  such  a  direct  solution  is  not  practically  usable.  We 
have  to  figure  out  other  ways.  One  of  them  is  an  iteration  procedure  using  the  so-called  accurate 
Id  search.  To  illustrate  this  method  in  a  clearer  manner,  we  split  it  into  two  steps.  In  the  first, 
the  concept  of  accurate  Id  search  is  introduced,  and  then  derivation  of  the  iteration  procedure  is 
presented. 
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2.2  Accurate  Id  Search 

Below  is  a  Id  search  problem 

g{Xk+,)  =  g{Xk  +  XkPk)  =  min  {^(Xfc  +  AP,)}  ,  (11) 


with  Xit  being  current  point  and  Pjt  current  search  direction. 

To  solve  this  Id  problem,  the  following  commonly  used  method  can  be  employed: 


^  |j=A,=  [vg(Xi  +  APi)]"'  |a=a.  Pt  =  0. 
aX 

(12) 

Due  to 

Va(Xfc+i)  =  HXfc+i  +  b, 

inserting  Eq.  13  into  Eq.  12  yields 

(13) 

(HXfc+i  +  b)^P;t  =  [H(Xjt  +  AfcPfc)  +  b]^Pfc 

=  [(HXfc  +  b)  +  AfcHPfcfP,. 

=  V^g{Xk)Pk  +  XkPjnFk 
=  0 

(14) 

(Note:  The  property  =  H  is  utilized  above.).  Then  we  obtain 

^  P/vg(Xfc)  __  P.^’Qfc 

"  Pfc^HPfc  P;t^HPfc 

(15) 

The  above  procedure  is  called  accurate  Id  search. 

2.3  The  Derivation 

Assume  we  have  n  H-conjugate  vectors  Pi  (i  =  1,2,  •  •  •  ,n)  and  an  initial  point  Xi 
accurate  Id  search  once  along  Pi  leads  to  X2: 

,  performing 

X2  =  Xi  +  AiPi, 

(16) 

(Note:  Ai  satisfies  Eq.  15.).  After  n  such  searches  which  are  performed  along  Pi  (i  ^ 
respectively,  a  point  denoted  by  X„+i  is  reached: 

=  1,2, ■••,«) 

n 

X„+1  =Xa+SAiPi, 

2  =  1 

(17) 

with  Ai  (i  =  1, 2,  •  •  • ,  n)  all  fulfilling  Eq.  15. 

We  will  prove  that  Xn+i  must  be  the  minimum  point  X*,  i.e. 

Qn+l  =  V^(X„+i)  =  0. 

(18) 
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From  Eqs.  3  and  Eq.  17,  we  have 


Qn+l  —  V^(X„+i) 


H  +  Xi  j  +  b 

f;AiHPi  +  (HXi  +  b) 

i=l 


Multiplying  both  sides  with  Pf : 


PfQ»+i  =  PrfeA,HPi  +  Qil 


V  A,PfHP,  +  PfQ, 

PfQi  ‘DT'xT’D 


PfHPj 


P^HPi  +  P^Qi 


=  0; 


And  multiplying  with  P] 


P^Qn+l  =  P^  EAiHPi  +  Qi 


Pi’  Y:  AiHPi  +  AiHPi  +  (HXi  +  b) 


Pi’  Y  ^*HPi  +  H(AxPi  +  Xi)  +  b 


Pnj^AiHPi  +  HXa  +  b 


P^  E  AiHPi +  Q2 


Repeating  the  above  for  all  other  Pi  (i  =  3,  •  •  • ,  n),  we  have 

PfQn+i  =  0  (Vi  =  1,2,  •••,«).  (22) 

As  known,  H-conjugate  vectors  are  linearly  independent  of  one  another.  It  means  that  the  n 
H-conjugate  vectors  (Pi,  i  =  1, 2,  •  •  • ,  n)  span  a  complete  basis  over  3^”.  A  vector  in  3?"  which  is 
orthogonal  to  all  the  base  vectors  is  nothing  but  a  zero  vector.  That  is, 

Qn+l  =  0.  (23) 


Then  Eq.  18  gets  proved.  From  the  above,  following  conclusions  can  be  drawn: 
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For  any  function  which  can  be  expressed  by  Eq.  1,  if  there  exist  n  Fl-conjugate 
n-dimensional  vectors  P,  (f  =  1, 2,  •  •  • ,  n)^  then  its  extremum  point  X*  can  be  obtained 
by  doing  at  most  n  accurate  Id  searches  in  the  directions  of  Pi  {i  =  1,2, 
respectively. 


This  relieves  us  from  the  difficulty  in  using  the  explicit  form  for  A’s  (Eq.  15),  since  normally  the 
matrix  H  is  unknown.  In  the  following,  whenever  we  say  ”do  accurate  Id  search”,  it  implies  an 
evaluation  of  Eq.  15. 

Next  we  will  discuss  how  to  generate  H-conjugate  vectors.  First,  let  us  derive  three  important 
properties,  from  which  the  method  is  deduced. 


Pi  HP, 


iPi^HAiP,  =  f  Pi"'H(X,+,  -  Xi) 

Aj  Aj 

1 


=  f  Pi^[(HX,-+i  +  b)  -  (HX,-  +  b)]  =  ^Pi^(Q^+i  -  Qi) 


A.- 


“  [itf) 

Eq.  24  can  also  be  written  in  the  following  form: 


(24) 


P/Qi  =  P.^Qi-i 


P(’'q.-2  =  ■  •  ■  =  P.’’Qi  (i  =  1, 2,  •  •  • ,  T>). 


(25) 


Below  is  given  the  derivation  of  another  conclusion  which  reads  as 


P.^’Q,  =  0  (i  <  j). 


Let  j  =  i  +  1, 


Pi^( 


U+i  — 


Eg.l5 


Pi^(HXi+i  +  b)  =  Pi^[H(Xi  +  AiPi)  +  b] 
Pi^[(HXi  +  b)  +  AiHPi]  =  Pi^Qi  +  AiPi^HPi 
Pi^^ 


Pi^HPi 


-Pi^HPi  =  0. 


Likewise,  let  j  >  i  +  1 , 


P/Q,-  =  Pi^(HX,-  +  b)  =  Pi^[H(X,_i  +  A,_iP,_i)  +  b] 

=  Pi^[(HX,_i  +  b)  +  Aj_iHPj_i]  =  Pi^Qi-i  +  A,_iPi^HPi_i 
=  Pi^Q,_i=-- 

=  Pi^Qi+i=0. 


Equation  26  gets  proved. 
This  equation  indicates  that 


(26) 


(27) 


(28) 


The  gradient  Qfc+i  after  k  accurate  Id  searches  is  orthogonal  to  all  former  search 
directions  (Pi,  i  =  1, 2,  •  •  • ,  fc_). 


86 


Besides  this,  it  also  delivers  us  another  deep  connotation:  after  n  accurate  Id  searches,  the  last 
gradient  Qn+i  satisfies  =  0,  (Vi  =  1,2, Since,  as  known,  there  are  at  most  n 

linearly  independent  vectors  in  an  n-dimensional  linear  space,  the  only  solution  to  this  equation 
is  Qn+i  =  0,  which  means  that  is  nothing  but  the  extremum  point  X*. 


A  next  search  direction  may  be  formed  using  Q^+i .  It  is  this  that  the  so-called  conjugate  gradient 
method  is  based  on.  Here  we  will  use  it  for  another  purpose,  namely,  for  finding  an  offset  which  does 
not  lie  in  the  subspace  which  is  spanned  by  all  previous  search  directions.  The  actual  usefulness 
of  the  offset  will  be  investigated  right  after. 

To  derive  the  GaCD  method,  one  more  conclusion  is  needed. 

Known  that  Pj-  (z  =  1, 2,  •  •  • ,  A;)  are  'R-conjugate.  k  successive  accurate  Id  searches 
in  these  directions  from  two  different  initial  points,  say  X'^  and  X'/  have  been  per¬ 
formed,  yielding  other  two  points  and  X)!^j.  Then  the  difference  vector  (X^^j  — 

X^_^J  is  R-conjugate  to  Pi  (i  =  1,2,  •  •  •  ,k),  that  is. 


Since 


HPi  =  0  (Vi  =  1,2,. 
^k+1  =  ^1  +  X] 

i=l 

x:+.  =  x;'+^A"p., 


,k). 


iz=l 


we  have 


x;+,  -  K+, = x;  -  x; + s(a;  -  A")Pi. 

i=l 


For  any  P,  (j  =  1,2, ■■■,*;), 


(Xl+,  -  X'i, )"  HP,.  =  (X;  -  X;f  HPy  +  £(A:  -  A”)Pi^HP, 


t=l 


(x;-x;')  HP,.  +  (a;  -  A")p,’'HPi 

(x;-x;fHP,.  +  p/Q;-p,^q: 

[H(x;-x;')fp,+p/Q"-p/Q' 

i(Hx; + b)  -  (Hx; + b)]’'Pi + p,.^q;  -  p/q; 

(Ql-Q'/fPi+P/Q'-P/Q;. 
p,^q;  -  p/q;' + p,’’Q"  -  p/Q' 


E^2S  . 


(29) 

(30) 

(31) 

(32) 


(33) 


Because  the  above  assumption  is  made  for  an  arbitrary  j,  Eq.  29  gets  proved. 

Equation  29  provides  us  an  effective  way  to  acquire  search  directions  which  are  H-conjugate  while 
Eq.  26  may  be  utilized  to  get  an  offset  point  which  is  needed  by  Eq.  29.  No  care  needs  to  be 
taken  whether  the  offset  will  degenerate  to  zero  or  not,  since,  if  true,  it  means  that  current  point 
is  already  the  extremum  one,  i.e.  the  X*,  therefore,  no  more  search  is  needed. 
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2.4  The  Algorithm 

Based  upon  all  the  arguments  above,  the  GaCD  method  can  be  formed  as  follows,  a  4=  b  stands 
for  assign  b  to  a.  e  is  a  given  stop-criterion.  Xi  is  an  initial  point. 

1.  i^O; 

2.  + 

3.  Find  Q°  =  V^(X°)  and  do  accurate  Id  search  in  the  Q°,  i.e. 

X?  ^  x;  -f-  a°q;; 

4.  If  j  >  1,  then  for  z  =  1, 2,  •  •  • ,  j  —  1,  do  accurate  Id  searches: 

X}  ^  X}-i  A^.Pi; 

5.  X,+i  ^  Xf  ^  P,-  4=  X,-+i  -  Xj; 

6.  If  j  >  1,  then  do  one  more  accurate  Id  search  in  Pj: 

Xj+i  4=  Xj+i  +  AjPj-; 

7.  If  j  <  n,  then  go  back  to  2;  Else, 
if  lX„+i  -  X„|  <  e,  then  stop;  Else 

Xi  X„+i , 

and  go  back  to  1. 

2.5  A  2d  Verification 

Assume  we  have  a  2d  quadratic  function  as  follows: 

g{xi,X2)  =  xl  +  2xl-4xi-2xiX2.  (34) 

It  is  found  that 

H  = 

It  reaches  its  minimum  at  point  X*  =  {x\,x*2f  =  (4,2)^. 

By  selecting  an  initial  point 

Xi  = 

and  following  the  algorithm  above  step  by  step,  we  obtain  the  final  result  X^  =  (4,2)  =  X* 

after  two  search  loops,  which  verifies  the  quadratic  cut-off  property  of  the  method.  Note  that  the 
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Figure  1:  Search  Path  in  Minimizing  Q{xi,X2) 


above  verification  holds  true  both  analytically  and  numerically.  The  search  path  for  the  numerical 
verification  is  shown  in  Fig.  1. 

Starting  from  Xi,  evaluating  the  gradient  at  that  point,  using  the  gradient  as  a  search  direction 
Pi,  it  reaches  X2  after  the  first  loop.  Then  a  search  in  the  current  gradient  is  performed,  yielding 
X2,  which  serves  as  the  offset  point.  Searching  in  Pi,  we  get  a  new  point  Xj,  which  is  a  counterpart 
to  X2,  for  they  are  both  the  extremum  points  in  the  same  search  direction  (Pi)  but  from  two 
different  initial  points,  X®  and  Xi  respectively.  From  Eq.  29,  it  is  known  that  the  difference 
vector  P2  =  (X2  —  X2)  must  be  H-conjugate  to  Pi.  Now  down  to  this  direction  P2,  the  algorithm 
finally  converges  to  X3  =  X*. 


3  Comparison  with  Other  CD  Methods 


The  comparison  is  made  by  optimizing  nine  "standard”  test  functions  [2],  which  are  listed  in 
Appendix  A.  The  methods  to  be  checked  are  GaCD,  DFP,  Fletcher- Reeves,  M-Powell  (modified 
Powell),  of  which  DFP  and  Fletcher- Reeves’  are  among  the  best  and  most  popularly  used  CD 
ones.  In  addition,  the  Evolution  Strategy  (ES)  [3]  is  also  tested  and  presented  here  for  the  readers 
who  may  be  interested  in  such  stochastic  methods. 

In  order  that  a  uniform  assessment  of  optimization  performance  of  the  methods  can  be  achieved, 
a  parameter  rj  is  introduced,  which  is  defined  as 


V  = 


|Iog(g7g°)l 

Ng 


X  100, 


where  are  are  the  initial  and  final  goal  values,  respectively;  Ng  is  the  number  of  function 
evaluations.  The  greater  the  number,  the  more  effective  the  method  is  supposed  to  be.  In  the 
definition,  we  took  the  number  of  evaluations  of  goal  function  as  a  factor  which  reflects  the 
computation  time,  not  directly  the  time  itself.  It  is  because  for  numerical  optimization  procedures. 
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the  evaluation  of  a  goal  function  means  a  complete  solution  of  an  electromagnetic  problem,  which 
takes,  normally,  the  most  significant  part  of  the  whole  computing  time  including  the  optimization 
strategy  and  other  auxiliary  operations. 

The  test  runs  are  performed  on  a  SUN  SPARC-1  workstation.  Each  run  takes  normally  less  than 
one  second.  Table  1  shows  the  statistic  summary  and  rankings  of  the  methods,  which  are  derived 
from  the  raw  calculation  results  in  Appendix  B.  It  is  seen  that  the  GaCD  method  is  the  most 
robust  ((7„)  while  its  effectiveness  (77)  comes  to  the  second  after  the  DFP  method. 


Comparison  of  Various  Optimization  Methods  via 

Common  Test  Functions  (Statistics&Rankings) 

GaCD 

BFGS 

DFP 

Fletcher 

M-Powell 

ES 

ES9 

0.17  (6) 

OT|o 

0.17  (2) 

0.24  (5) 

0.19  (3) 

liUilUII 

BEALE 

1.0 

0.6284 

0.7339 

0.8970 

EIBHI 

0.1085 

GRAGG 

0.9053 

0.2524 

0.1003 

ENGVALL-2d 

0.9170 

1.0 

0.8207 

0.6696 

EIB&H 

ENGVALL-3d 

0.8453 

1.0 

0.4120 

0.0 

POWELL 

0.4286 

1.0 

0.7788 

0.2757 

0.0896 

WHITE 

0.7663 

0.5217 

0.6521 

0.2352 

WOOD 

1.0 

0.7213 

0.8710 

0.5734 

0.3802 

ZANGWILL-2d 

0.9070 

0.8722 

0.0873 

0.1795 

ZANGWILL-3d 

1.0 

0.8963 

0.8220 

0.8046 

0.0534 

Table  1:  Rankings  of  the  Optimization  Methods  Tested.  The  rj's  associated  with  respective  test 
functions  are  normalized  with  the  highest  77  value  of  the  different  methods.  For  instance,  77  s  for 
the  BEALE  function  are  normalized  with  that  of  the  M-PoweU’s,  i.e.  1.923,  which  is  the  largest 
in  that  row  (Appendix  B).  77  =  0  means  that  the  corresponding  methods  failed  for  the  related 
functions,  e.g.  the  Fletcher-Reeves  method  failed  in  handling  the  WHITE  function.  In  principle, 
the  larger  the  number  77,  the  more  effective  the  method  is  considered  to  be;  while  the  smaller  the 
number  cr„  (deviation  of  77),  the  more  versatile  or  stabler  the  method  is  regarded. 


4  Optimization  of  a  Waveguide-Microstrip  Transition 

The  object  to  be  optimized  is  a  pair  of  transitions  between  a  rectangular  waveguide  and  a  mi¬ 
crostrip  line.  Scattering  parameter  S21  is  used  to  assess  the  performance  of  the  component.  It  is 
maximized  at  the  center  frequency  lOGHz  with  a  ±400MHz  bandwidth. 


4.1  The  Structure 

A  basic  structure  of  such  Waveguide-Microstrip  Transition  Pairs  (WMTP)  is  shown  in  Fig.  2. 
Such  layout  with  two  identical  back-to-back  transitions  will  accommodate  a  more  accurate  mea- 
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surement. 


Initial  Shapes 


Final  Shapes 


-  Standard  Microstrip  Section 


I 

Upper 


Lower 


Figure  2:  Basic  Structure  of  a  WMTP.  The  standard  X-band  rectangular  waveguide  is  used,  i.e. 
(2x6  =  22.8mm  x  10.0mm.  The  dielectric  is  RT/duroid  5880  from  Rogers  with  a  thickness  of 
1.57±0.05mm,  e,.  =  2.20. 


4.2  Definition  of  the  Problem 


Upper  Sheet 


LfOwer  Sheet 


:  T-4  1 — I 

1  ^  ^  ^ — 7  6  • — 0 — ^ 

1 _ .. _ 

i4, 


\18 


20  19,  \y 


z 

( 

X  / — ^  ^ 

1 

'  14131211  ' 

•  —  Movable  Points 

°  —  Fixed  Points 

Dielectric  Substrate 
Metallic  Sheet 


Figure  3:  Optimization  Vector  for  WMTP 

Total  25  points  along  the  profiles  of  the  upper  and  the  lower  metallic  sheets  are  used  as  the 
optimization  vector  X  (Fig.  3).  Among  them,  points  ^21  to  5^ 25  are  changeable  in  both  y  and  z 
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directions  while  the  rest  only  in  z.  It  is  therefore  a  problem  of  30  degrees  of  freedom.  The  definition 
range  is:  /m  <  <  {Im  +  h)  for  points  #1  to  ^20  and  Im  z  <  (Im  +  h),  <  y  ^  Ia/‘^ 

for  points  #21  to  #25.  The  whole  set  of  the  definition  ranges  for  X  is  denoted  by  ^  C  A 
standard  microstrip  section  in  the  middle  of  the  structure  is  maintained  by  imposing  the  constraint 
that  points  #5,  #6,  #11,  and  #19  are  not  allowed  to  pass  the  limit  of  z  < 


The  goal  function  is  defined  as 


^(X)  =  52i(X), 


with  S21  being  an  average  of  1521 1  over  the  desired  bandwidth,  that  is, 


(35) 


521  =  E  |52i(/.)|  .  (36) 

n  —  m 

t=m 

fm  to  fn  covers  the  desired  bandwidth,  i.e.  9.6GHz  -  10.4GHz. 

The  optimization  problem  can  then  be  expressed  aa 


g*  =  max{C;(X)}  (VXgAT). 


(37) 


Note:  The  mode  in  question  is  the  fundamental  one,  i.e.  Hiq. 


4.3  The  Optimization 

The  optimization  is  performed  by  using  the  optimization  driver  which  is  implemented  in  the 
general  purpose  electromagnetic  software  package  -  MAFIA  [4],  which  is  a  finite  difference  solver. 
With  this  driver,  the  whole  optimization  procedure  is  carried  out  fully  automatically,  from  data 
initialization  to  printout  of  final  results. 


Figure  4:  The  excitation  Signal 

The  optimization  method  used  is  the  GaCD  presented  here.  In  addition  to  this  local  search 
method,  a  global  search  scheme  is  employed  that  uses  the  so-called  Evolution  Strategy.  It  should 
be  pointed  out  that  no  satisfactory  result  could  have  been  achieved  if  this  global  search  phase  had 
not  been  implemented. 
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The  evaluation  of  the  goal  function  is  achieved  by  exciting  the  structure  at  the  port-1  with  a 
Gaussian  modulated  carrier  signal  (Fig.  4)  and  picking  up  the  response  at  the  port-2  of  the  same 
mode  (i.e.  mode  Hjo)-  After  an  FFT  of  the  two  signals,  the  goal  function  can  be  evaluated.  The 
simulation  is  the  common  FDTD  procedure. 

The  simulation  is  carried  out  in  three  dimensions.  In  the  whole  process  of  the  optimization,  the 
mesh  is  fixed  to  avoid  discretization  noises,  which  may  cause  wrong  actions  in  the  optimization 
strategy.  Figure  5  describes  the  mesh  in  the  area  of  the  microstrip  in  the  y-z  plane.  In  x,  an  equi¬ 
distance  mesh  is  employed.  Total  number  of  mesh  points  is  x  x  =  12  x  11  x  59  =  7788. 
The  resolution  for  the  optimization  points  is  about  1  mm.  With  this  being  known,  the  stop  criteria 
for  this  optimization  should  be  accordingly  set  (see  ’’Error  Analysis”  later). 


_ 120 _ 

( Unit:  mm ) 

Figure  5:  Mesh  in  the  yz  Plane 


4.4  Results  Acquired 

After  total  338  field  calculations  (i.e.  goal  function  evaluations),  which  took  about  103  hours 
on  an  IBM550  workstation,  the  final  goal  value  of  iS'21  =  0.996  over  the  desired  bandwidth  was 
achieved,  with  the  initial  521  being  0.501!  The  initial  and  final  patterns  are  shown  in  Fig.  6. 
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4.5  The  Measurement 


Both  the  initial  and  the  final  transition  pairs  were  fabricated  and  measured  (Fig.  7).  The  grooves 
in  the  left  block  of  the  mounting  waveguide  were  used  for  inserting  the  transition  strips. 


Figure  7:  Transition  Microstrips  and  Mounting  Waveguide  Blocks 

The  measurement  showed  a  good  agreement  with  the  calculated  results.  The  measured  521  to¬ 
gether  with  the  calculated  one  can  be  found  in  Fig.  8.  It  is  found  that  the  measured  ^21  is 
generally  poorer  than  the  calculated  one.  It  is,  most  probably,  because  ohmic  losses  and  the 
mounting  grooves  of  the  structure  were  not  taken  into  account  in  the  simulation. 


f/GHz 


Figure  8;  Measured  and  Calculated  ^21  for  the  Final  Structure 
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5  Error  Analysis 


There  are  mainly  three  types  of  error  sources.  The  first  is  coming  from  the  evaluation  of  the  goal 
function,  or  in  other  words,  errors  from  the  numerical  solvers  of  the  electromagnetic  problems. 
This  part  of  error  has  a  strong  relation  with  mesh  sizes;  Computer  digital  length  is  another  error 
source,  which  limits  the  sensitivity  of  the  optimization  algorithms  to  the  fine  changes  in  goal 
functions.  If  the  changes  are  too  small  to  be  digitized  with  the  available  effective  length,  the 
algorithm  will  do  nothing  and  treat  the  values  as  unchanged.  This  can  be  influenced  also  by  the 
definition  of  the  goal  function,  which  is  the  third  source  of  errors.  An  inappropriate  definition  of 
the  same  problem  will  surely  lead  to  either  a  premature  stop  of  the  algorithm  or  a  wrong  action 
by  it. 


5.1  More  on  Mesh-related  Errors 

For  mesh-supported  solvers,  like  the  orthogonal  mesh  used  here,  attention  should  be  paid  to  the 
selection  of  mesh.  If  the  mesh  is  to  be  fixed  throughout  whole  optimization  processes,  the  stop 
criteria  for  the  algorithm  should  be  chosen  accordingly.  Figure  9  describes  two  different  choices 
of  mesh:  one  is  fixed,  the  other  adaptive. 


Fixed  Mesh 

Poor  Resolution; 

May  Cause  Potential  Endless 
Looping  or  Premature  Stop 


Adaptive  Mesh 

Variable  Discrete  Noises: 
May  Cause  Wrong  Decision 
by  Optimization  Method 


For  the  fixed  mesh  case,  an  endless  optimization  looping  is  most  likely  to  occur,  if  the  stop  criteria 
are  set  too  fine  or  bear  no  account  of  the  repeated  failures  due  to  that  any  fine  tuning  of  the 
geometry  will  be  impossible  if  the  tune  step  is  smaller  than  half  of  the  local  mesh  size.  This  is 
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really  very  hard  for  practical  design  problems,  since  one  should  have  some  preknowledges  about 
the  relationship  between  the  stop  criteria  and  the  mesh  sizes.  The  best  solution  for  this  would  be 
to  impose  a  stop  criterion  which  checks  such  non-improvement  failures. 

For  the  adaptive  case,  there  comes  another  problem  where  due  to  computer  discretization  noises, 
the  algorithms  may  make  wrong  decisions  if  the  noises  are  comparable  to  the  actual  changes  in 
the  goal  function.  Such  kind  of  noises  is  normally  solver- type  dependent.  It  becomes  severer 
only  when  a  very  accurate  result  is  to  be  achieved.  For  FDTD,  it  is  relatively  loose  compared  to 
eigenvalue  cases,  where  the  solution  has  a  relatively  high  sensitivity  to  the  local  mesh  size  ratios. 


6  Conclusions 

A  full  derivation  of  the  GaCD  method  was  presented.  In  terms  of  the  newly  introduced  assessment 
number  rj,  the  effectiveness  of  the  method  was  compared  with  other  commonly  used  conjugate 
direction  methods  against  the  test  functions.  It  has  been  shown  that  the  GaCD  method  is  among 
the  best  of  the  methods  tested.  Further  more,  a  practical  optimization  was  successfully  carried 
out  using  this  new  method.  A  hardware  was  built  based  on  the  numerical  results,  which  delivered 
a  very  good  performance  as  numerically  predicted. 

As  a  final  remark,  we  would  like  to  point  out  that  for  multipeak  goal  functions,  a  global  search 
phase  is  absolutely  necessary,  since  otherwise,  starting  from  different  initial  points  will,  most 
probably,  lead  to  different  final  results. 
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Appendix  A 

The  test  functions  used  are  defined  below. 
1.  BEALE 


g(X)  =  [1.5  -  a:i(l  -  X2)Y  +  [2.25  -  a:i(l  -  +  [2.625  -  xi(l  -  xl)f 

2.  CRAGG 

^(X)  =  [exp(a:i)  -  0:2]^  +  100(a:2  —  +  tan^(a:3  —  0:4)  +  +  {X4  —  1)^ 


3.  ENGVALL-2d 

^(X)  =  Xi  +  X2  +  2x1x2  —  4xi  +  3 

4.  ENGVALL-3d 

5 

6(X)  =  E9?(X) 

i=l 

5-1  (X)  =  Xi+X2  +  x|-l 

5'2(X)  =  Xi  +  X2  +  (X3  -2)^-1 

5'3(X)  =  Xi  +  X2  +  X3  -  1 
</4(X)  =  Xi  +  X2  -  X3  +  1 

5'5(X)  =  Xi  +  3x2  +  (52:3  -  ici  +  1)^  -  36 

5.  POWELL 


^(X)  =  (xi  +  100:2)^  +  5(0:3  -  Xif  +  (X2  -  2x3)^  +  10(xi  -  X4)^ 


6.  WHITE 

7.  WOOD 


^(X)  =  100(x2  -  x\f  +  (1  “ 


^(X)  =  100(x2  -  x^y  +  90(x4  -  xiy  +  (1  —  xif  +  (1  -  ^3)^  + 

10.1[(1  -  X2)^  +  (1  -  x^f]  +  19.8(1  -  X2)(l  -  X4) 

8.  ZANGWILL-2d 

Q{X)  =  -^(16x?  +  16x2  —  8x1X2  —  56xi  —  256x2  +  991) 

15 


9.  ZANGWILL-3d 

^(X)  =  (-Xi  +  X2  +  0:3)^  +  (xi  -  X2  +  ^3)^  +  (xi  +  X2  -  X3)^ 
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Appendix  B 


and  are  the  initial  point  and  the  initial  function  value;  X*,^*  the  analytical  ones;  X^,^ 
the  ones  found  by  the  optimization  methods;  Ng  the  number  of  function  evaluations. 

Raw  Results  for  Test  Optimization  Runs 


Comparison  of  Various  Optimization  Methods  via 

Common  Test  Functions  (Test  Runs  Summary) 

Init/FInal 

Item 

GaCD 

BFGS 

DFP 

Fletcher 

M-Powell 

ES 

XO:  (10,-10) 

X^ 

(6.3668,0.8117) 

(6.3442,0.8142) 

(2.9883,0.4959) 

(6.3426,0.8155) 

(-12.5481,1.0742) 

(2.9861,0.4963) 

GO:  1.01 14e8 

G'^ 

2.1017e-l 

2.0256e-l 

5.4101e-5 

2.0166C-1 

5.7019C-1 

3.2355e-5 

X*:  (3,0.5) 

NG 

350 

558 

674 

391 

6308 

4641 

G=^:0 

Tl,llo 

5.7119,1.0 

3.5894,0.6284 

4.1924,0.7339 

5.1236,0.8970 

0.3011,0.0527 

0.6199,0.1085 

X0:(5,5, 

X'^ 

(-0.0102,0.9445, 

(0.2806,1.2365, 

(0.1747,1.1523, 

(0.1692,1.1400, 

(0.1313,1.1028, 

(0.1326,1.1128, 

5,5) 

0.9861,0.9992) 

1.1070,1.0068) 

1.0520,0.9976) 

1.0608,0,9954) 

1.0404,1.0008) 

1.0583,0.9997) 

CRAGG 

G0:4,2340c8 

G^ 

5.3529e-6 

7.1738e-4 

1.1994e>4 

6.9229e-5 

1.1058e-5 

1.5332e-5 

X*:(0,1,1,1) 

Ng 

761 

2312 

622 

1844 

2531 

6641 

G*:0 

T1,T1« 

4.2052,0.9053 

1.1723,0.2524 

4.6451,1.0 

1.5966,0.3437 

1.2357,0.2660 

0.4661,0.1003 

CMr: 

X0:(10,10) 

X^ 

(0.9949,0.0007) 

(0.9951,-0.0024) 

(1.0009,-0.0058) 

(0.9964,0.0049) 

(0.9950, -1.91e^6) 

(0.9986,-0.0021) 

G0:39963.0 

G'^ 

1.5187e-4 

1.5593e^ 

7.2479e-5 

1.2493e-4 

1.4830e-4 

2.0504C-5 

V 

X*:(1,0) 

Ng 

475 

435 

551 

657 

599 

3121 

(2a) 

G*:0 

Tl,Tlo 

4.0817,0.9170 

4.4510,1.0 

3.6530,0.8207 

2.9807,0.6696 

3.2407,0.7281 

0.6854,0.1540 

X0:(5,-5,-5) 

X^ 

(-0.5195,-0.3588, 

(1.5646,-2.8408, 

(0.0972,-0.1124, 

(0.3715,-0.9582, 

Failed 

(0.5986,-0.6582, 

ENG- 

00:1025177.0 

0.8870) 

0,0365) 

1.0180) 

1.0313) 

-1.2334) 

VALL 

X*:(0,0,1) 

G'^ 

2.0974 

335.6351 

7.1720e-3 

3.0082 

118.2426 

(3d) 

G*:0 

Ng 

506 

262 

1488 

1312 

1201 

Ti.no 

2.5889,0.8453 

3.0627,1.0 

1.2619,0.4120 

0.9710,0.3170 

0.0,0.0 

0.7550,0.2465 

XO:(5,-5, 

(0.0601,-0.0101, 

(-0.0466,0.1047, 

(-0.1104,0.0116, 

(0.0296,-0.0014, 

(-0.8386,0.0628, 

(-0.1806,0.0217, 

5,-5) 

-0.0489,-0.0420) 

-0.6756,0.1404) 

-0,1024,-0.1044) 

-0.1072,-0.1256) 

-0.3853,-0.4822) 

-0.1053,-0.1027) 

POWELL 

00:153150.0 

QA 

3.0639e-3 

8.8360 

2.2369e>3 

9,8247e^3 

7.3507C-1 

4.6038 

X*:(0,0,0,0) 

Ng 

1339 

316 

750 

1235 

1438 

3761 

G*:0 

n.no 

1.3239,0.4286 

3.0887,1,0 

2.4056,0.7788 

1,3411,0.4342 

0.8517,0.2757 

0.2768,0.0896 

X0:(-5,-5) 

x^ 

(-1.7196,-5.0435) 

(-1.7088,^.9851) 

(-1.5010,-3.3602) 

(-1,7192,-5.0762) 

(-1.7146,-5.0458) 

(-1.6492,-4.4786) 

T1T¥¥|»|*L.' 

00:1440036.0 

G'^ 

7.5649 

7.3401 

6.3007 

7.3969 

7.3716 

7.0226 

WHllfa 

X*:(l,l) 

Ng 

220 

169 

328 

259 

506 

721 

G*:0 

n.no 

5.5258,0.7663 

7.2111,1.0 

3.7620,0,5217 

4.7024,0.6521 

2.4076,0.3339 

1.6964,0.2352 

X0:(-3,-l, 

x^ 

(1.0180,1.0407, 

(0.7458,0.5275, 

(1.3441,1.8087, 

(1.0740,1.1627, 

(0.8279,0.7390, 

(-1.0139,1.0307, 

-3,-1) 

0.9709,0.9406) 

-0.7379,0.5027) 

0.0541,0.0246) 

0.8236,0.6697) 

0.7766,0.6563) 

-0.7823,0.6445) 

WOOD 

G0:1919Z0 

G^ 

7.9214e-3 

12,7312 

1.6522 

3.5732c^l 

4.2780 

;  8.3979 

X*:(l,l,l,l) 

Ng 

810 

531 

715 

689 

808 

1121 

G*:0 

n.no 

i  1.8149,1.0 

1.3782,0.7594 

1.3091,0.7213 

1.5808,0.8710 

1.0407,0.5734 

0.6899,0.3802 

TAMn 

X0:(0,0) 

XA 

(3.9936,8.9948) 

(4,0049,9.0002) 

(4.0049,8.9999) 

(3.9950,8.9979) 

(3.9379,8.9928) 

!  (4.0337,9.0108) 

\t  ttt  I 

00:66.0667 

GA 

-18.2000 

-18.2000 

-18,2000 

-18.2000 

-18.1961 

I  -18.1989 

WILL 

X=^:(4,9) 

Ng 

301 

279 

273 

313 

3128 

1521 

(2d) 

G*:-18.2 

n.no 

*,0.9070 

*,0.9785 

*1.0 

*,0.8722 

*,0.0873 

*0.1795 

X0:(100,-l. 

XA 

(-0.0246,-0.0045, 

(-0.0282,-0.0104, 

(-0.0208,-0.0245, 

(0.0246,0.0169, 

(-0.0305,0.0005, 

1  (-0.0004,-0.0009, 

ZANG- 

2.5) 

-0.0067) 

-0.0161) 

-0.0248) 

0,0172) 

-0.0171) 

:  0.0010) 

WILL 

00:29726.75 

GA 

1.3991C-3 

1.6628e-3 

1.6782e-3 

1.3041e-3 

2.6743e-3 

;  8.4492e-6 

(3d) 

X*:(0,0,0) 

Ng 

830 

878 

916 

1014 

992 

i  20241 

G*:0 

n,no 

2.0327,1.0 

1.9019,0.9357 

1.8220,0.8963 

1.6708,0.8220 

1.6355,0.8046 

i  0.1086,0.0534 
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